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I. 


HE usefulness of Jacobians, or functional 
determinants, in general thermodynamic 
discussions has not received the emphasis which 
the power and directness of Jacobian methods 
warrant. Thus one of the important problems in 
developing the subject is that of obtaining the so- 
called ‘‘general relations’? of thermodynamics. 
The most important group of these involves the 
determination of all of those relations involving 
fivst partial derivatives which must obtain in 
consequence of the two laws of thermodynamics 
and certain general and fundamental mathe- 
matical theorems. Since it can be shown that for 
a given physical system any desired derivative 
can be expressed in terms of an irreducible stand- 
ard set of first derivatives, the problem becomes 
that of evolving the most expeditious method for 
expressing any derivative directly in terms of 
this standard set. It can be shown that for a 
general n-variable system (with no special re- 
strictions) this set contains m(n+1)/2 deriva- 
tives.! For a simple homogeneous system under 
hydrostatic pressure, which we shall have in mind 
during most of the present discussion, »=2, and 
this standard set contains three partial de- 
rivatives. 
To be more specific we may, after Clausius, ex- 
press the first and second laws in a combined 


1F, H. Crawford, Physical Rev. 72, 521A (1947). The 
general results of the n-variable case will be given in more 
detail elsewhere. 
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form as 

dU=TdS— pdV, (1) 
where U is the internal energy of the system, S 
the entropy, and the other symbols have their 
usual meanings. Our problem, then, is to express 
any given partial derivative in terms of a stand- 
ard set by the use of such general mathematical 
theorems as are available and subject, of course, 
to Eq. (1). Now these results may be obtained in 
a great variety of ways, and, in fact, for the sys- 
tem in question are given in a complete form by 
Bridgman.” The usual methods of obtaining these 
relations are, however, roundabout and tedious, 
and involve rather cumbersome eliminations. 
The utility of Jacobians or functional determi- 
nants in such cases has received altogether too 
little attention, despite the fact that Jacobians 
seem particularly suited for the concise statement 
of the complex of relationships involved. Several 
of the older books on thermodynamics* express 
certain derivatives in terms of Jacobians but do 
not carry the discussion quite far enough for the 
very real practical advantages to become ap- 
parent. More recently, Shaw‘ has given an ex- 
tremely elegant and elaborate discussion of the 
hydrostatic case. The fundamental Jacobian 
theorems used there, however, are of such a form 


2 P. W. BridgmanyA condensed collection of thermodynamic 
formulas (Harvard) University Press, 1925), pp. 10-15. | 
3See, for example, Bryan, Thermodynamics (Leipzig, 


1907), p. 22, et seg. 
4A. N. Shaw, Phil. Trans. Roy. Soc. A234, 299-378 
(1935). 
aN 
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as to require considerable dexterity in their 
manipulation and continual refreshing of one’s 
memory unless they are being used continually. 

The method to be discussed here is essentially a 
special case of Shaw’s method but has the practi- 
cal advantages of being very simple to remember, 
of needing only one intermediate equation ob- 
tainable quickly from Eq. (1), and of being 
capable of ready generalization to systems with 
n> 2. There are three steps involved, of which the 
first two employ Jacobians. They depend for their 
ease and directness on the use of certain simple 
and well-known properties of Jacobians. These 
will be summarized here without proof, though 
the proofs are simple.® 


II. Useful Properties of Jacobians 


Let us consider, for example, the Jacobians of 
entropy and volume with respect to the inde- 
pendent variables, x and y. Then we have 


J(S, V)=a(S, V)/d(x, y) 
_|(@S/ax)y (0V/8x)s) (ay 
(aS/dy)z (aV/dy)z|’ 


where the notation J(S, V) will be used wherever 
the independent-variable set-is clearly apparent. 

(a) Reduction of Jacobians to single derivatives: 
Whenever the numerator and denominator of a 
Jacobian contains a common variable this may 
formally be ‘‘canceled,” thus reducing a second- 
order Jacobian toa single derivative. The canceled 
variable appears outside the bracket of the 
partial derivative. Thus, 


a(S, V)/A(S, y) =(0V/dy).. 


Cross cancellation always involves a change in 
sign. Thus 


a(S, V)/d(x, S) = —(dV/dx),. 


Conversely, of course, we may ‘‘expand”’ any first 
derivative into a second-order Jacobian. 

(b) Change of order of variables alters the sign 
of a Jacobian. Thus 


J(S, V) = —J(V, S) =8(V, S)/d(y, x), ete. 


(c) A Jacobian does not vanish unless a func- 
tional relation exists between its dependent 


5 See, for example, Margenau and Murphy, The mathe- 
matics of physics and chemistry (Van Nostrand, 1943), p. 18. 
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variables. Thus J(S,V)#¥0 unless S=S(V), 
which is not true in our homogeneous system of 
two degrees of freedom. Hence we may divide by 
and cancel such Jacobians algebraically without 
ambiguity. 

(d) Change of variable theorem: If, for example, 
each of the set (S, V) is a function of (x, y) and 


each of these in turn is a function of a new set 
(X, Y), then 


(a(S, V)/a(x, y)) 
(0(X, Y)/a(x, y)) 
This is the most general change of variable 
theorem, and includes as special cases the most 
useful theorems in partial differentiation. (We 


shall refer to it in the sequel simply as the 
Jacobian theorem.) 


a(S, V)/a(X, Y)= 


III. General Method for Obtaining Relations 


(a) Step one: Expression of a derivative in terms 
of no more than four others. This step consists in 
expanding any derivative into a Jacobian and 
then applying the Jacobian theorem, Eq. (3) 
above. As an example consider (0S/dp)y. We 
may write at once 


(dS/dp)v =a(S, V)/a(p, V) 


0(S, V)/d(x, y)) 
ee ite. 
(a(p, V)/a(x, y)) 


Now J(S, V) contains four derivatives and 
J(p, V) two new ones, or six all told. These will in 
all cases reduce to no more than four, however, 
provided x and y are selected from the set 
(T, S, p, v) only, since at least one derivative will 
always vanish and another reduce to unity. 
Hence, in Eq. (4) we have expressed a partial 
derivative in terms of the ratio of two inde- 
pendently calculable Jacobians which at most can 
involve four distinct first derivatives. This step, 
of course, is a purely mathematical transforma- 
tion and holds whether or not our symbols have 
any reference to a physical system or not. 

(b) Step two: Deduction of Maxwell’s equation in 
Jacobian form.* We must now use some aspect of 


6 This extremely concise and useful theorem is given by 
Saha and Srivastava, A text book of heat (Allahabad, 1931), 
p. 408, et seg. The above proof is, I believe, new. 
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the truth contained in the laws of thermody- 
namics as expressed in Eq. (1), 


dU=TdS— pdV. 
The most pertinent way to do this is to utilize 
the fact the dU is a perfect or total differential and 


apply the cross derivative theorem to TdS—pdV. 
This gives us 

(0T/dV)s= —(9p/dS)v, (5) 
which, although a true relation, is in terms of 
(S, V) as independent variables. To express it in 
its most general form in terms of, say, (x, y), we 
have simply te apply the method of step one to 
each side of Eq. (5). This gives us for the left side 


(8T/dV)s=9(T, S)/d(V, S) 
_@(T, S)/ae, y)) 
(AV, S)/a(e, 9) 
and for the right side 
— (dp/dS), = —4(p, V)/a(S, V) =9(b, V)/a(V, S) 
(a(p, V)/a(x, »)) : 
aa V)/J(V, S). 
Hence Eq. (5) becomes 
J(T, S)/J(V, S) =J(p, v)/J(V, S) 


or, since J(V, s) #0, we may cancel this Jacobian 
out of our result and obtain, finally, 


J(T, S)=J(b, V), 


=J(T, S)/J(V, S), 


(a(T, S)/d(x, y)) —(8(b, V)/A(x, ))=0. (6) 


This, then, is the general Jacobian relation whose 
special forms are usually known as Maxwell’s re- 
lations. Since there are six choices of variable 
sets, if we confine ourselves to (T, S, p, V), we 
have six forms of Eq. (6). These are not six inde- 
pendent equations but merely six equivalent 
ways of writing Eq. (5). We may then refer to the 
appropriate form of Eq. (6) simply as Maxwell’s 
relation. 

It is important to note that when (x, y) is a 
non-conjugate set such as (S, V), (T, p), etc., 
Maxwell’s relation always reduces to two deriva- 
tives. If we choose a conjugate set, either (T, S) 
or (p, v), we have an expression involving four 
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derivatives. In all cases, however, no new deriva- 
tives appear beyond those arising in step one. 

(c) Step three: Combination of results of steps 
one and two. We are now in a position to obtain 
the final result. By step one we have written a 
given derivative in terms of no more than four 
other derivatives. From step two we obtain a re- 
lation involving two or more of this same group. 
Hence we may eliminate one of the four deriva- 
tives and express our desired derivative in terms of 
a standard set of three partial derivatives of the 
dependent variables with respect to x and y, pro- 
vided, of course, that both dependent and inde- 
pendent variables are selected from the set 


(T, S, p, 2). 


IV. Specific Examples in Simple 
Hydrostatic Case 


In the above discussion we have left the choice 
of x and y open. In practice it is convenient to 
take T and p since they are readily controlled 
experimentally. To find a given derivative such 
as (0.S/dp)y from above, we have, using step one 
by applying Eq. (4), 

(0S/dp)vy =9(S, V)/d(p, V) 
= (0(S, V)/0(T, p))/(0(p, V)/a(T, p)) 
(0S/dT), (AV/dT),| |a b 
(0S/dp)r (AV/dp)r| \d c 
i. an, => 





» (7) 


where the letters a, b, c and d are simply abbrevia- 
tions for the four derivatives in J(S, V). 

Now by step two, Eq. (6), we obtain Maxwell’s 
relation in the form 


a(T, S)/a(T, p) —d(p, V)/a(T, py=0, 


or 


(0S/dp)r= —(AV/dT),, or simply d=—b. (8) 


Since, then, 6 is more readily measured ex- 
perimentally than d, we now use Eg. (8) to 
eliminate d from Eq. (7) and have as our final 
result: 


(0S/d0P)y = (8?+ac)/—b. 


We may now expect to determine all other 
derivatives which involve only (7, S,p, V) in 
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terms of the standard set a, b, and c,? though ina 
given case the whole set need not appear. Thus 
for (0S/0V)» we have 

(a(S, p)/9(T, p)) 


28/6"), 
' (a(V, p)/a(T, p)) 


(0S/dT)» 
- (aV/aT)» 


=a/b, etc. 


Further, the method is entirely foolproof and, if 
we apply step one to any of the set a, b, c or d, we 
obtain simply an identity. 


V. Extension to Other Quantities than the 
Primary Set (7, S, p, V) 


We may now remove the earlier restriction to 
variables of the primary set. There are a number 
of quantities of special interest which are defined 
either differentially or integrally in terms of the 
primary set. These we group in a secondary set 
which will include, among others, the internal 
energy U, the enthalpy H(= U+ pV), the Helm- 
holtz function A(= U—T‘S), and Gibbs’ function 
G(= U—TS+)V). Consider, then, any derivative 
such as (0X /d0Y)z, where X, Y and Z are chosen 
in any way whatever from these two sets. By step 
one, (0X/dY)z=J(X, Z)/J(Y, Z), and will con- 
tain only partials with respect to T and p. But 
these in turn are all expressible in terms of a, b, c 
and d and hence of a, b and c. The expressions 
may involve T, S, p and V themselves, but will 
never involve any derivatives not in the standard 


set of three. As an example, consider (8U/0H)r. 
We have 


(8U/dH)7=J(U, T)/J(H, T) 
_((U, T)/a(T, p)) _(@U/ap)r 
~ (A(H, T)/A(T, p)) (aH /ap)r 


But (0U/dp)r we obtain from Eq. (1) and 
(0H/dp)7 from the definition of H (and Eq. (1), 
again). Thus we have, finally, 


(8U/8H)r=bT+cp/bT— V. 





7 Here, of course, aT = C,, bV=8, and cV = — Kr, where 
Cp, Bp and Kr are, respectively, the heat capacity at con- 
stant pressure, the coefficient of volume expansion at 
constant pressure and the isothermal coefficient of com- 
pressibility. Their values may be got directly from tables of 
physical constants. 
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Now although Q and W, the heat absorbed by 
and the work done on the system, respectively, 
are not functions of the independent variables 
(T, p), we may include them formally in the 
secondary set on the following understanding. 
Derivatives such as (0X /0Y)¥w are identical with 
(@X/dY)y, and (8@X/dY)@ is the equivalent of 
(@X/d8Y)s since no heat is absorbed along an 
adiabatic. We also replace (0Q/0X)z wherever it 
occurs formally, by dQz/dX, where Qz is the heat 
function at constant Z. Similarly, (9W/dX)z is to 
be taken as dWz/dX, where Wz is the work 
function at constant Z. 

If we then add Q and W to our set of primary 
and secondary quantities, we have ten all told, 
T, S, p, V, U, H, A, G, Q and W. Any derivative 
will be expressible as the ratio of two Jacobians 
J(X,Z) and J(Y, Z). Hence all the conceivable 
derivatives can be formed if we compute all the 
Jacobians involving these ten quantities two at a 
time. There are 10X9=90 of these, of which 45 
only need be computed since J(X, Z) = —J(Z, X). 
This establishes the essential mathematical basis 
behind the tables of Bridgman ;? he has precisely 
90 such entries, and the quantities to be divided 
to give a desired derivative are simply our 
Jacobians. In his notation (dX)z=J(X, Z), 
(0Y)z=J(Y, Z)=9(Y, Z)/a(T, p), etc. Further- 
more, we may now compute any entry in the table 
with Maxwell’s relation and the definitions of any 
secondary quantities needed as our only inter- 
mediate equations. 


VI. Other Systems 


(a) General systems. The above process need 
not be confined to the simple hydrostatic system. 
We may replace Eq. (1) by 


dU=TdS+xXdo6, (9) 


where X is a force variable and @ the conjugate 
geometric variable. Here, as long as any two of 
the primary set (T, S, X, 6) may be regarded as 
the independent variables, we may express any 
derivative in terms of an appropriate standard 
set of three. 

(b) Restricted systems. There are many systems 
to which Eq. (9) applies which are restricted in the 
sense that, for example, X may be a function of, 
say, T alone. In such cases we may not take 
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(T, X) as our independent variables but must use 
another pair such as (T, 8). 

Under these conditions the four derivatives 
which will turn up in step one are always to be 
found, formally at least, in J(S, X), for S and X 
are now the dependent variables. But this gives 


us 
J(S, X)=0(S, X)/a(T, 4) 


“i pel 
~ |(0S/00)r 


(8X /dT)¢ 
(0X /08)r 
_|(0S/dT)— dX/dT 
~ |—dX/dT 0 ' 


since the derivative (0X/00)7=0 and Maxwell’s 
relation reduces to (0S/00)7= —dX/dT. Conse- 
quently, we have only two independent first 
derivatives rather than the three of the general 
case. 
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The most important example of this restricted 
case is, of course, that of the two phases of a pure 
substance under pressure, where p, the equilib- 
rium pressure, is p(T). Other cases are a surface 
film under tension where the surface tension is a 
function of T alone, and a simple reversible 
electric cell (no gas evolution) where the electro- 
motive force depends on T alone. In all such 
restricted systems we have as many formal 
Jacobians as in the general case, but they are all 
simpler. 

In practice it is usually quicker and more 
accurate to determine the desired derivative 
directly from the appropriate form of Eq. (9) 
than to calculate the corresponding result for the 
general hydrostatic case and then to translate the 
result for the new system. 


8 See reference 2, pp. 18-24. 
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HE operations of tensor analysis are not 
easy to visualize geometrically. This fact is 
of small concern to the analyst, but is a source of 
difficulty to most of those who approach tensor 
analysis for the first time. In particular, the 
physicist who finds only occasional use for tensor 
methods is likely to feel the need of a geometrical 
mnemonic aid for tensor concepts. Furthermore, 
there are students who feel dissatisfied with their 
understanding of a concept unless it can be 
visualized. 

This paper shows how many of the concepts of 
tensor analysis may be visualized geometrically 
as generalizations of the concepts of vector analy- 
sis. The presentation is intended to supplement 
the analytical development of tensor theory, and 
therefore makes no pretense of proving anything. 
The general formulas and concepts of tensor 
analysis are reduced to the simplest usable 
special case, and this special case is illustrated 
geometrically. The general formulas are shown 
for comparison with the special case formulas. 
Also, the vocabulary of tensor analysis is retained 
for the special case of tensors of rank one—that 


is, vectors—where vector terminology would be 
more usual. 

The subject is developed synthetically, and 
certain definitions are introduced. These defini- 
tions are designed for the special case under con- 
sideration, and although they will be consistent 
with the general case, they are not intended to 
replace the rigorous definitions of the analytical 
development. Furthermore, it must be empha- 
sized that a geometrical model, like any other 
analogy, has limitations; the model may have 
properties that the prototype analytical expres- 
sion does not have, and conversely. 

If one sets out to generalize vector analysis, 
three possibilities come immediately to the mind: 


a. The coordinate axes, along which the com- 
ponents are taken, may intersect at some 
angle 6, where @ is not 90° as in ordinary 
vector analysis. 

. The unit of length along the coordinate axes 
may be different for each axis. 

. The unit of length may vary in size as one 
proceeds along the axes. 
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terms of the standard set a, b, and c,? though ina 
given case the whole set need not appear. Thus 
for (0S/0V), we have 


(a(S, p)/a(T, b)) 
(a(V, p)/A(T, p)) 
(8S/8T)» 
~ (aV/aT)> 


(0S/d V)» _ 


=a/b, etc. 


Further, the method is entirely foolproof and, if 
we apply step one to any of the set a, b, c or d, we 
obtain simply an identity. 


V. Extension to Other Quantities than the 
Primary Set (7, S, p, V) 


We may now remove the earlier restriction to 
variables of the primary set. There are a number 
of quantities of special interest which are defined 
either differentially or integrally in terms of the 
primary set. These we group in a secondary set 
which will include, among others, the internal 
energy U, the enthalpy H(= U+ pV), the Helm- 
holtz function A(= U—T‘S), and Gibbs’ function 
G(= U—TS+)V). Consider, then, any derivative 
such as (0X /dY)z, where X, Y and Z are chosen 
in any way whatever from these two sets. By step 
one, (0X/dY)z=J(X, Z)/J(Y, Z), and will con- 
tain only partials with respect to T and p. But 
these in turn are all expressible in terms of a, b, c 
and d and hence of a, 6 and c. The expressions 
may involve T, S, p and V themselves, but will 
never involve any derivatives not in the standard 


set of three. As an example, consider (8U/0H)r. 
We have 


(8U/dH)7=J(U, T)/J(A, T) 
_(@(U, T)/a(T, P)) _(@U/AP)r 
(a(H, T)/a(T, p)) (@H/dp)r 


But (0U/dp)r we obtain from Eq. (1) and 
(0H /dp)r from the definition of H (and Eq. (1), 
again). Thus we have, finally, 


(8U/aH)r=bT +cp/bT — V. 





7 Here, of course, aT = Cp, bV=8, and cV = — Kr, where 
Cp, Bp and Kr are, respectively, the heat capacity at con- 
stant pressure, the coefficient of volume expansion at 
constant pressure and the isothermal coefficient of com- 
pressibility. Their values may be got directly from tables of 
physical constants. 


Now although Q and W, the heat absorbed by 
and the work done on the system, respectively, 
are not functions of the independent variables 
(T, p), we may include them formally in the 
secondary set on the following understanding. 
Derivatives such as (0X /0Y)yw are identical with 
(@X/dY)y, and (dX/dY)e@ is the equivalent of 
(8X/dY)gs since no heat is absorbed along an 
adiabatic. We also replace (0Q/0X)z wherever it 
occurs formally, by dQz/dX, where Qz is the heat 
function at constant Z. Similarly, (@W/dX)z is to 
be taken as dWz/dX, where Wz is the work 
function at constant Z. 

If we then add Q and W to our set of primary 
and secondary quantities, we have ten all told, 
T, S, p, V, U, H, A, G, Qand W. Any derivative 
will be expressible as the ratio of two Jacobians 
J(X,Z) and J(Y, Z). Hence all the conceivable 
derivatives can be formed if we compute all the 
Jacobians involving these ten quantities two at a 
time. There are 10X9=90 of these, of which 45 
only need be computed since J(X, Z) = —J(Z, X). 
This establishes the essential mathematical basis 
behind the tables of Bridgman ; he has precisely 
90 such entries, and the quantities to be divided 
to give a desired derivative are simply our 
Jacobians. In his notation (0X)z=J(X, Z), 
(0Y)z=J(Y, Z)=9(Y, Z)/a(T, p), etc. Further- 
more, we may now compute any entry in the table 
with Maxwell’s relation and the definitions of any 
secondary quantities needed as our only inter- 
mediate equations. 


VI. Other Systems 


(a) General systems. The above process need 
not be confined to the simple hydrostatic system. 
We may replace Eq. (1) by 


dU=TdS+Xdé, (9) 


where X is a force variable and 6 the conjugate 
geometric variable. Here, as long as any two of 
the primary set (T, S, X, 6) may be regarded as 
the independent variables, we may express any 
derivative in terms of an appropriate standard 
set of three. 

(b) Restricted systems. There are many systems 
to which Eq. (9) applies which are restricted in the 
sense that, for example, X may be a function of, 
say, T alone. In such cases we may not take 





GEOMETRICAL INTRODUCTION TO TENSOR ANALYSIS 5 


(T, X) as our independent variables but must use 
another pair such as (T, 8). 

Under these conditions the four derivatives 
which will turn up in step one are always to be 
found, formally at least, in J(.S, X), for S and X 
are now the dependent variables. But this gives 


us 
_|(aS/aT)o 
~ |(0S/86)r 


(0X/dT)¢ 
(0X /06)r 
_|(@S/aT)y dX /dT 
~ | —dX/dT 0 : 


since the derivative (0X/00)r=0 and Maxwell’s 
relation reduces to (0.8/00)7= —dX/dT. Conse- 
quently, we have only two independent first 
derivatives rather than the three of the general 
case. 


The most important example of this restricted 
case is, of course, that of the two phases of a pure 
substance under pressure, where p, the equilib- 
rium pressure, is p(T). Other cases are a surface 
film under tension where the surface tension is a 
function of T alone, and a simple reversible 
electric cell (no gas evolution) where the electro- 
motive force depends on T alone. In all such 
restricted systems we have as many formal 
Jacobians as in the general case, but they are all 
simpler.® 

In practice it is usually quicker and more 
accurate to determine the desired derivative 
directly from the appropriate form of Eq. (9) 
than to calculate the corresponding result for the 
general hydrostatic case and then to translate the 
result for the new system. 


8 See reference 2, pp. 18-24. 
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HE operations of tensor analysis are not 
easy to visualize geometrically. This fact is 
of small concern to the analyst, but is a source of 
difficulty to most of those who approach tensor 
analysis for the first time. In particular, the 
physicist who finds only occasional use for tensor 
methods is likely to feel the need of a geometrical 
mnemonic aid for tensor concepts. Furthermore, 
there are students who feel dissatisfied with their 
understanding of a concept unless it can be 
visualized. 

This paper shows how many of the concepts of 
tensor analysis may be visualized geometrically 
as generalizations of the concepts of vector analy- 
sis. The presentation is intended to supplement 
the analytical development of tensor theory, and 
therefore makes no pretense of proving anything. 
The general formulas and concepts of tensor 
analysis are reduced to the simplest usable 
special case, and this special case is illustrated 
geometrically. The general formulas are shown 
for comparison with the special case formulas. 
Also, the vocabulary of tensor analysis is retained 
for the special case of tensors of rank one—that 


is, vectors—where vector terminology would be 
more usual. 

The subject is developed synthetically, and 
certain definitions are introduced. These defini- 
tions are designed for the special case under con- 
sideration, and although they will be consistent 
with the general case, they are not intended to 
replace the rigorous definitions of the analytical 
development. Furthermore, it must be empha- 
sized that a geometrical model, like any other 
analogy, has limitations; the model may have 
properties that the prototype analytical expres- 
sion does not have, and conversely. 

If one sets out to generalize vector analysis, 
three possibilities come immediately to the mind: 


a. The coordinate axes, along which the com- 
ponents are taken, may intersect at some 
angle 6, where @ is not 90° as in ordinary 
vector analysis. 

. The unit of length along the coordinate axes 
may be different for each axis. 

. The unit of length may vary in size as one 
proceeds along the axes. 
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Fic. 1. Contravariant and covariant components of 
vector U. 


It will be found that these three generalizations 
are sufficient to illustrate many of,the concepts of 
tensor analysis. 


I. Covariant and Contravariant Components! 


For the present, only the first two generaliza- 
tions will be applied, and the discussion will be 
restricted to two dimensions. Consider the oblique 
rectilinear coordinate system AOB (Fig. 1) where 
the angle AOB = 90. The OB axis is marked off into 
units of length (gi:)! in terms of the master scale 
&. This is the definition of gi;. The OA axis is 
marked off into units of length (g22)! in terms of 
the master scale 7. This is the definition of goo. 
The vector U=OC is defined equally well by the 
parallel components OE and OF, or by the per- 
pendicular components OG and OH. 

Let 


u(gi1)!=OE," (the definition of u?) ;? (1) 
u?(goe)!=OF,*(the definition of w2) ; 


then u! and wu? are the" contravariant components 
of U. 
Let 


u1/(gi1)'=OG, (the definition of 1) ; (2) 
u2/(g22)}=O8H, (the definition of uz) ; 


then “, and uw are the covariant components of U. 


1The interpretation of covariant and contravariant 
components given in Sec.I-is reported to have been pre- 
— by F. Klein inja lecture in 1916, and may be even 
older. 

2 The superscripts are upper indices, not exponents. 
Wherever powers are needed they will be written above 
parentheses. Thus dx? should be read ‘‘dx superscript two,”’ 
but (dx)? should be read ‘“‘dx squared.” 
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Clearly, the contravariant components u! and 
u? are just the number of units of length (gi1)! or 
(geo) required to make up the parallel compo- 
nents OE or OF. The covariant components 1; 
and wg are just the number of the reciprocal units 
of length (gi1)~? or (go2)—? required to make up the 
perpendicular components OG or OH. Note that 
u' and u? and xu and ue are merely different 
descriptions of the same vector U. The two de- 
scriptions are different when either 090° or 
(gi1)!¥1 or (ge2)!+¥1, but become identical in 
ordinary vector analysis, where @=90° and 
(g11)? = (go)! = 1. The definition of covariant and 
contravariant components in this seemingly 
rather complicated way justifies itself by yielding 
very symmetrical formulas as the development 
proceeds. The reason for the terms co- and contra- 
will be discussed later. 


Fic. 2. Rotation of oblique axes: Contravariant components 
(abscissas) of vector U. 


The algebraic manipulation of tensor analysis 
uses whichever type of component is more con- 
venient at the moment, and changes from one 
type to the other as conditions require. The 
process is called raising the subscript or lowering 
the superscript, and the necessary formulas are 
derived below. 

From Fig. 1 it is seen that 


OG=OE-+OF cosé, 
uy/ (gir) =u" (gi)*+-4?(g22)* cosd, 
W1>= g1uu'+ [ (gi1)#(ge2)? cosé |u?, 


or, in general, u:= )0; gizu’, where 
212 = Z21 = (g11)*(ge2)* cosd. 


That is, 
Us=gizu', 
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using the sum convention that an index repeated 
as subscript and superscript indicates summation. 
Formula (3) permits the change from contra- 
variant components to covariant components. 
The formula for the inverse change will now be 
derived. 

Solving the following equations for u! 


guu'+giu? =u, 
Z21u!+ goou? = Ua, 


there is obtained: 


ul =(1/g)ge0%1—(1/g)gieue, 


where g is the determinant given by: 


Z11 Ze 


221 gee 
If one defines the notation g!!=(1/g)goo and 
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g)?=—(1/g)gie, that is, in general, 

gi=(1/—G%, (5) 
where G*/ is the cofactor of the element g;; in the 
determinant g, then Eq. (4) can be written in a 
form symmetrical with Eq. (3), 


u'=gtin;. 


(6) 


A typical formula of tensor analysis is that for 
the square of the length of a vector: 


(0)? =uu'=uyu'+uw’, (7) 


It is easily shown that Eq. (7) is consistent with 
the plane geometry of Fig. 1. Similarly, other 
formulas of tensor analysis may be visualized in 
this way. In particular, the generalized Pythago- 
rean theorem of tensor analysis, 


(ds)? = gi;dx‘dx!, (8) 


Fic. 3. Rotation of oblique axes: Contravariant components 
(ordinates) of vector U. 
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may be visualized. In Eq. (8) dx! corresponds to 
u, dx? to u? and ds to U. In expanded form, 
Eq. (8) becomes: 


(ds)? = gisdx'dx!+ giodx'dx? 
+ goidx2dx! +4 £22dx*dx?, 9 
(ds)*= ((gus)dx)?+ 2E(gus)!de"(gar)idet] 
X'cos6+ [(ge2)*dx? }?. 


II. Fundamental Tensor 


The quantities g;; define the metric (i.e., co- 
ordinate system) of the space, and are compo- 


.nents of the fundamental tensor. The funda- 


mental tensor is of rank two, and thus even in 
two dimensions has four components. In the 
simple case under discussion, gi: and gee define 
the length of unit along the axes, and gi2=g21 
define the angle of intersection of the axes. It is 
in this sense that the fundamental tensor is a 
coordinate system, and thus reference is made to 
‘differentiating with respect to the fundamental 
tensor.’ 


More generally there are the following cases: 


gu=gi=1, gi=0: Euclidean metric ; 
gij=constants: Cartesian metric; 
gij=functions of x‘ or x7: Riemann metric. 


(10) 


Ill. Transformation of Coordinates 


The physical idea of a vector is that of a 
directed quantity which retains its direction and 
magnitude independent of any transformation of 
coordinate system. The components will, of 
course, change under transformation. The differ- 
ent behavior of the contravariant and covariant 
components will now be illustrated under a simple 
transformation—rotation. First will be needed 
the partial derivatives, in generalized units, of 
the transformed coordinates with respect to the 
old, and inversely. The coordinates themselves, 
as indicated in Eq. (8), are considered as dis- 
placements, and as such are represented by 
contravariant vectors. 

From Figs. 2 and 3, showing rotation of the 
coordinate axes through a positive counter- 
clockwise angle ¢ to the new dotted position, it is 
clear that: 

AB=CD-DE, HJ=HK+KJ. (11) 


Using capital letters X, Y, Z to denote the new 
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Fic. 4. Rotation of oblique axes: Covariant components of 
vector U, 


coordinates and small letters x, y, 2 to denote the 
old system, there is obtained from Figs. 2 and 3, 


x sind=X sin(@—¢) — Y sing, 
y sind= Y sin(@+¢)+X sing. 
Introducing generalized coordinate units 
x=(gii)ix!, y= (ge2)*x? 
as in Eq. (1), there is obtained: 


x! sin@ = X! sin(@—) — X°(go2)*(gi1) sing, 


x? sind = X2 sin(@+¢) +X !(gi1)*(goo)? sing. 5) 


These yield the partial derivatives: 


dx!/aX!=sin(6—¢)/sin#, 
0x1/0X2 = — (goo)! sind/ (gir)! sind, 
Ox?/AX1= (gi1)' sind/ (geo)! sind, 
dx?/aX?=sin(6+¢) /sin#. 


(13) 


The inverse derivatives are obtained by setting 
@=—¢ in Eq. (12), and interchanging small and 
capital letters: 


X' sin@=x! sin(@+¢) +x?(geo)*(gi1) sing, 


X? sind =x? sin(@—¢) —x"(gir)*(g22)* sing. ~~ 


These yield the partial derivatives: 


0X1/dx!=sin(6+¢)/sin@, 
aX?2/dx!= —(g11)' sind/ (gee)? sind, 
dX 1/dx? = (goo)! sing/ (gis)? sind, 
aX?/dx? =sin(@—}@)/siné. 


(15) 


The transformation formulas for contravariant 
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vectors are the same as Eqs. (12) and (14): 


U'=u!' sin(@+¢)/sin@ 
+u?(go2)! sind/(gi1)* sind, 
U? = —u'(gi1)' sing/(ge2)* sind 
+u? sin(@—¢)/sind. 
By comparing with Eq. (15), these can be 
written : 
U!= (0X1/dx')u!+ (0X1/dx?)u?2, 
U? = (0X?/dx')u!+ (0X?/dx?)u?. 


(16) 


(17) 


These are special cases of the general formulas 
for any transformation of contravariant com- 
ponents of vectors: 


U*= (0X */dx!)ui. (18) 


The corresponding formula for covariant com- 
ponents will now be derived. The transformation 
formulas for perpendicular components on oblique 
axes are most rapidly obtained by the apparently 
roundabout procedure of transforming to rect- 
angular axes, rotating through the counter- 
clockwise angle ¢, and then transforming back to 
the original oblique axes. From Fig. 4 the trans- 
formation from oblique coordinates x, y to rect- 
angular coordinates £, 7 is seen to be =x, 


n=OA—AB=y csc@—x coté. (19) 


The £é,n-coordinates are rotated through the 
angle ¢: 


==£cosd+n sing=x cosd 
+y cscé sind —x coté sing, 
H=7n cos¢—é sind =y cscé cosd 
—x coté cos¢—<x sing. 


(20) 


Transforming back to oblique axes by means of 
the inverse of Eq. (19), there results: 


X sind=x sin(@—¢)+y¥ sing, 


Vsind=ysin(0+¢)—xsing. (2) 


The covariant components are introduced using 
Eq. (2): 
U,=4, sin(6—¢@)/sin#@ 
+u2(gir) sing/ (ge)? sind, 
U2=uz sin(6—@)/sin@ 
— U(g22)* sing/(gi1)* sind. 
By comparing with Eq. (13) these can be 
written : 
U1 = (dx!/X")ui+ (dx?/dX") us, 
U2 = (dx1/0X?)ui+ (Ax?/OX?) ue. 


(22) 


(23) 
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These are special cases of the general formulas for 
any transformation of covariant components of 
vectors: 


U;= (0x7/0X *)u;. (24) 


Comparison of Eqs. (18) and (24) shows that 
the two kinds of components require different 
coefficients in the transformation formulas. These 
coefficients provide the analytical criterion of 
whether a quantity is covariant or contravariant. 

The form of the words covariant and contra- 
variant leads one to expect that a covariant 
vector ought to vary with something, while a 
contravariant vector ought to vary opposite to 
something. Presumably the original inventor of 
the terms had some such idea in mind; if so, it is 
no longer obvious what the idea was. If one tries 
to associate the ideas of co- and contra- with the 
new and old coordinates in the transformation 
formulas (Eqs. (18) and (24)), it would appear 
that the names ought to be interchanged. If one 
decides that the prefix contra- refers to the fact 
that the transformation formula (18) is opposite 
to formula (24), then the prefix co- is left without 
any corresponding meaning. Furthermore, in the 
sense in which the word covariant is sometimes 
used in algebra, both types of vectors are covariant 
with respect to transformations of coordinates. It 
appears necessary to associate each word as a 
whole with the appropriate transformation for- 
mula, and to avoid any connotation suggested by 
the prefix. 


IV. Covariant Derivative 


To be considered now is the covariant deriva- 
tive of a covariant tensor, that is, the derivative 
expressed in covariant components of a tensor 
expressed in covariant components. (The contra- 
variant derivative—that is, the derivative ex- 
pressed in contravariant components—is seldom 
used.) In the development of this topic the third 
generalization of vector analysis will be needed, 
namely, a variation of unit of length along the 
axis. A familiar example of such variation is 
semilog graph paper. 

In Fig. 5 is shown a portion of semilog paper 
with the linear scales ¢, x!, 7 and the logarithmic 
scale x? where n=Inx?. The element of distance is 
given by: 


(ds)? = (dé)2-+ (dn)? = (1)2dxldx+ (1/22) *dx2dx?, 


Therefore, gi1=1, goo = (1/x?)?, gio = g21=0. From 
Eq. (4), g=(1/x*)?, g''=1, g?* = (x?)?, gi? =g1=0. 
These gi; define the coordinate system. Thus 
(g11)#=1 means that the x! axis has a constant 
unit the same length as the master scale unit. The 
axes are shown to be perpendicular by gi2= g2i=0, 
and (ge2)!=1/x? shows that the x? axis has a 
variable unit of length 1/x?. For example, when 
c?=10, the unit is 75 of the master scale unit. In 
this case the fundamental tensor may be regarded 
as a vector of fixed length and direction which 
moves about the plane. At each point its com- 
ponents define the number of local units Ax', Ax? 
which are equal to unit length on the master 
scale. 

Christoffel Symbols: The covariant derivative 
is expressed in terms of certain combinations of 
derivatives of the fundamental tensor with re- 
spect to the coordinates, called Christoffel sym- 
bols of the first and second kind, respectively : 


Lk, 17 ]= (1/2) (Ogi /dx' 

+0 ./dx'+0g;;/dx*), (25) 
{k, aj} =g"*[h, 77]. 
It will be shown that these symbols in the 
covariant derivative formula represent correction 
terms which are needed to make the covariant 
derivative independent of the position of the 
tensor in the coordinate system, that is, to make 
the covariant derivative acquire one of the most 
obvious requirements of a tensor. For the two- 
dimensional Riemann space represented by semi- 


Fic. 5. Movement of constant vector U over semilog 
graph paper. 
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Fic. 6. Two-dimensional Riemann space corresponding to 
semilog graph paper. 


log paper, all Christoffel symbols of the first kind 
are zero except one: 


[2, 22]= —(1/x*)*, 
and all Christoffel symbols of the second kind are 
therefore zero except one: 


{2, 22} = —(1/x?). (26) 


The general formula for covariant differentiation, 


u,~*=du*/dx*+u"{i, hk}, (27) 


leads to the following components of the deriva- 
tive. (Note that the derivative of a rank one 
tensor leads to an expression of rank two. This 
expression of rank two can be proved to be a 
tensor also.) 


u,1'=du'/dx', 
u,17=du?/dx', 


U,2' = du'/dx?, 
u, 2? = du? /dx*? —u?/x?. 


(28) 


Referring to Fig. 5, it is seen that a vector of 
constant direction and magnitude (its position 
defined, say, by the x', x? of its midpoint) which 


moves about the system will suffer no change in, 


its horizontal component uw! for any change in 
position x! or x’, no change in its vertical com- 
ponent w? for any change in x!, but will encounter 
a change in u? with a change in x?. In the latter 
case 0u?/dx?+0 although the vector is really con- 
stant, and the fictitious derivative du?/dx? arises 
because of the changing unit of length. It will be 
shown that the correction term —?/x? arising 
from the Christoffel symbol is just enough to 
subtract off this fictitious change, leaving 1, 2? =0 
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as one would expect. Thus 


du2/dx®*~Au2?/Ax? 


= (25?An —Xq?An) /Ax? = AnAx?/Ax?=An, (29) 


(30) 


It was implied above that semilog paper may 
be regarded as a Riemann space of two dimen- 
sions (see Eq. (10)). It can be proved that any 
Riemann space of 2 dimensions may be regarded 
as immersed in a Euclidean space of m dimensions 
where m2 n(n+1)/2. Thus the two-dimensional 
semilog space may be visualized as a surface in 
three-dimensional Euclidean space. 

Such a surface is shown in cylindrical coordi- 
nates in Fig. 6. Its trace on the z= 0 plane is given 
by the differential equation: 


(ds)? =[r?+ (dr/d6)? ](d0)? = (d0/6)?. 


—u?/x*? = —An/(g22)'x? = — An. 


(31) 


Here z corresponds to x!, and @ to x”. On semilog 
paper the situation is visualized by considering 
that the size of the unit of x? changes with x*. In 
Fig. 6 the unit size of @ stays constant, and the 
distance variation is produced by the curvature 
of the surface. The case of log-log paper would 


correspond to a similar surface which also curled 
into a spiral as one approached the origin along 
the z axis. 

The gi; may thus be viewed from two stand- 
points: (a) They may be considered as describing 
a deformation of space where distances are meas- 
ured in terms of fixed units of length by x! and x’, 
as in Fig. 6, or (b) they may be considered as 
describing a variation of unit length of x! and x? 
in a flat space with fixed units &, 7, as in Fig. 5. 
This duality is the connecting link between tensor 
analysis considered as a generalization of vector 
analysis, and tensor analysis considered as a tool 
for the study of Riemann spaces. 

The covariant derivative, Eq. (27), reduces to 
the ordinary derivative when the Christoffel sym- 
bols are zero. This implies that ordinary differ- 
entiation may result in the derivative having 
covariant components even when the two types 
of component cannot be distinguished. The rea- 
son for this behavior may be visualized using 
Fig. 5. 

Consider that a scalar function y(é,7) is 
plotted along the ¢ axis perpendicular to the 
, n-plane of Fig. 5. The function y is then pic- 
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tured as a surface. One component of grady will 
be dy /dn, and may be pictured as the slope of the 
tangent to the surface which is in the plane 
parallel to the n-axis. Writing this partial deriva- 
tive in terms of finite increments, and using 
Eq. (1), there results: 


dp /dn~Ayp/An 
= Ay /(g22)*Ax?~(1/(g22))dp/dx*. (32) 


The component of the gradient df/dx? is seen 
to be the coefficient of a reciprocal unit, and in 
this respect resembles the covariant components 
of Eq. (2). This picture helps one to visualize why 
the components of the gradient of a scalar are 
standard examples of covariant vectors as indi- 
cated by the analytical criterion, Eq. (24). 


V. Products of Tensors 


Visualization of a product of two quantities in 
general requires more dimensions than the quanti- 
ties themselves. In the elementary case of 
2X2 =4, the 2’s are visualized as one dimensional, 
but the 4 is visualized as two dimensional—an 
area. 

The idea of a product of two objects with one 
component each (say 2X2 =4) is established by 
long familiarity now, but was once a man-made 
invention requiring as much originality and in- 
ventive genius as the invention of the wheel. If 
one sets out to invent a product of two objects 
with more than one component each, there are 
two guiding principles: (a) The product ought to 
reduce to the ordinary idea of product when the 
number of components is reduced to one, and (b) 
The product (or functions of it) ought to be 
useful for some mathematical or physical purpose. 

Consider a pair of objects uv” and v, with m and 
n components, respectively. (The use of covariant 
and contravariant components merely anticipates 
the fact that greater formal symmetry can be ob- 
tained using that combination.) A reasonably 
general product could be obtained by multiplying 
each component of u™ by each component of 2,. 
This procedure yields a product with m Xn com- 
ponents which are conveniently arranged in an 
array while one considers whether they ought to 
be added, subtracted, or subjected to some more 
complicated process. This array itself without 
any further operations is called the outer or open 
product. 
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The outer product of two three-dimensional 
vectors, 


u™=uii+u7j+u*k, 
V2n= Vyuit+voj +vsk, 


requires nine dimensions: 


(33) 


wviyii =u 'Voij 
UV, =U ji —-UVojj 
u>yyki U®vokj 


uvsik 
u*v3jk 
u®y3kk. 
Even for two-dimensional vectors the outer 
product requires four dimensions: 


(34) 


_ wii uvaij 
Uviji Uvajj 


U"Un (35) 
The physical (spatial) interpretation of these 
quantities is arbitrary, and the choice has been 
dictated by the needs of physical theory. In 
mechanics there arises the equation: 


Energy (a scalar) = Force (a vector) 


x Distance (a vector). (36) 


Here is a clear need for a type of product of two 
vectors F and D in which the result is a scalar 
quantity of magnitude FD cos[ FD] where [FD] 
is the angle between the vectors F and D. This 
product—the dot product—is obtained from 
Eq. (34) by agreeing that i-j=j-i=i-k=k-i 
=j-k=k-j=0, and thati-i=j-j=k-k=1. Then, 


UV, = U0, + U7. +U573. (37) 
Also there arise equations of the form: 


Torque (a vector) = Force (a vector) 


X Displacement (a vector), (38) 


where the torque vector is to be perpendicular the 
plane of F and D, and the magnitude is to be 
FD sin FD]. This product—the cross product— 
is obtained from Eq. (34) by agreeing that 
iXi=jXj=kxXk=0, jXk= —kxXj=i, kxXi=—i 
Xk=j, andiXj= —jxXi=k. Then, 


U™ XVn = (u?v3—U*v9)i 


+ (u3v,;—u'v3)j+(uve—u*n1)k. (39) 


In the Argand diagram for complex numbers, 
the product is obtained from Eq. (35) by agreeing 
that i=1 and j=1/(—1). Thus the product of 
two complex numbers is 


Uu™Y, = (Uv, — UV.) + (U2; +u¥2)4/(—1). (40) 
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These three examples illustrate the way in 
which the multidimensional outer product may 
be reduced to a manageable number of dimen- 
sions by conventional agreement in assigning 
directions to certain components or combinations 
of components of the outer product. 

In tensor analysis, the outer product wv, of 
two 2-dimensional tensors of rank one has four 
components and would require four dimensions 
to visualize it directly: 


uv, Uv 


Uv, = 
"Ww, UV 


(41) 

Contraction of Tensors : Somewhat similar to the 
conventions regarding i, j, k for vectors, there is 
a process called contraction which chooses arbi- 
trarily a certain combination of components of 
the outer product. Contraction consists of putting 
one of the covariant indices equal to one of the 
contravariant indices and performing the sum 
indicated by the sum convention. In order to 
contract the outer product shown in Eq. (41) the 
n is changed to m, thus indicating the sum, 


U" Um = U1 + 0702. (42) 


The contracted outer product is called the inner 
product. The process yields a quantity (which can 
be proved to be a tensor) of rank two less than 
the original uncontracted tensor. As illustrated in 
Eqs. (41) and (42), the outer product of two rank 
one tensors is of rank two, which, when con- 
tracted, yields a tensor of rank zero—a scalar. 
Thus the contraction of the open product of two 
vectors yields the scalar or dot product of the two 
vectors. Since any tensor of rank two or greater 
may be regarded as a product, contraction can be 
applied to any tensor of rank two or greater, 
often in several ways. For example, the outer 
product u%v,q may be contracted as uaa, uv», 
uy.g, Or u%y%g. The latter contraction uy, 
corresponds to the multiplication process for 
determinants and to the product used in ordinary 
matrix mechanics. It was originally so defined by 
Cayley for use in the theory of linear transfor- 
mations. Another example of contraction in a 
case of particular interest to the physicist occurs 
in Sec. VI. 

Mixed Tensors: The mixed tensor, that is, one 
with both contravariant and covariant indices, 
and to which corresponds a mixed transformation 
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formula of the type 
j'=uy*(8X*/dx*)(dx"/aX?), (43) 


arises from the product of a covariant and a 
contravariant tensor. The outer product of two 
tensors may be shown to be a tensor itself, and 
thus merits a separate symbol. For example, the 
outer product illustrated in Eq. (41) may be re- 
presented by the single symbol w,”=u"v,, where 
W!=uv1, We! = u've, etc. 

Even in two dimensions this mixed tensor w,,” 
has four components, and is not easily visualized 
in three-dimensional space. There is, however, a 
particular mixed tensor of the second rank which 
can be visualized. It is the Kronecker delta, 6,', 
where 6;5=0 when 1#j and 6;'=1 when i=}. 
Written as an array it has unity on the principal 
diagonal and zero elsewhere. It is clearly a 
generalization of the idea of unity, and is related 
to the unitary matrix. It may be shown that, for 
any symmetric tensor of rank two, the inner 
product 

UjjUu ik ox 5;*. 


(44) 


This emphasizes the reciprocal nature of the 
covariant and contravariant components. If 6;* 
be contracted, 5,*=, the number of dimensions 
of the space. In particular, for the fundamental 
tensor, 


giigi* = 6;*, (45) 


which is consistent with the ‘‘definition’”’ of g;; 
used in Sec. I. 


VI. The Tensor as an Operator 


The physicist is frequently introduced to the 
idea of a tensor as an operator which can produce 
arbitrary changes of direction in a vector. In an 
isotropic medium the displacement is in the 
direction of the applied force, and the equation 
may be written 


d'= Kf, (46) 


where d‘ and f‘ are three-dimensional vectors and 


K ascalar given bv 


K =ddi/ax. (47) 


In anisotropic mediums, d‘ and f‘ may not have 
the same direction, and orthodox vector analysis 
has no type of product to correspond to such a 
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physical situation. The equation must now be 
written 


dm = Kf", (48) 


where d” and f‘ are three-dimensional vectors, 
and K,” is a tensor given analagously by the 
covariant derivative, 


Ki =d, oa (49) 


In expanded form the components of d” are given 
by: 


M=K\f'+K2'f?+K3if*, 

@?=Kf'+KefP+K3*f*, 

a3 = Ki3f!+K.3f?+K;'f*, 
It is seen that the K’s could be determined to 
correspond to any experimentally occurring situ- 
ation of d” and f‘. The tensor K,” was introduced 
to provide an analytical relationship between d™ 
and f for all possible situations of d" and f*: As a 
special case it ought to include the vector cross 
product where d”™ is perpendicular to f‘, that is, 
d"= A‘ X F’, or, in terms of components, 


d'=0-AP+Af, 
a=Ai+0—Alfs, 
d= —A*fi+Ap[+o. 


By comparison with Eq. (50) it is seen that if K,” 
is a skew-symmetric tensor (that is, if K,!=K,? 
=K,;'=0, and K,”=—K,,") then K,* and A}, 
K;! and A?, and K,? and A* may be identified, 
and Eqs. (50) and (51) become identical. Thus all 
vector cross products (and hence all axial vectors) 
are skew-symmetric tensors of the second rank. 
This occurrence is clearly a special case of con- 
traction of the open product K,"f‘ of rank three 
to the inner product K;"f‘ of rank one—that is, a 
vector. It can therefore be said that the inner 
product K,"f‘, in those cases when it is skew- 
symmetric, is identical with the cross product of 
vector analysis; otherwise, it may be regarded as 
a generalization of the cross product. 

Equation (50) also includes the dot product as 
a special case when all components except those 
on the principal diagonal are zero. 


(50) 


(51) 


VII. Dyadics 


Dyadics are tensors of the second rank (in three 
dimensions) written in a special notation origi- 
nated by Willard Gibbs, In vector analysis the 
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direction of a component is indicated by the unit 
vectors i, j, k written as a product with the scalar 
magnitude of the component. There are rules for 
composition of the i, j, k vectors as in Sec. V. 
In tensor analysis the function of the i, j, k 
vectors is performed by the subscripts and super- 
scripts. In dyadic notation the postscripts of 
second-order tensors are replaced again by com- 
ponent indices such as ii, ij, etc., written as 
products. There are nine such indices in three- 
dimensional space, and it is not easy to identify 
them with unit vectors having fixed directions. 
The symbols ii, ij, etc., may be considered as 
tensor postscripts which have been written in the 
form of products, and which have their own con- 
ventions of composition—an extension of the unit 
vector method of vector analysis. 


VIII. Geodesics 


A geodesic may be defined as the path of mini- 
mum length between two points, a and 3), of a 
particular space. In two-dimensional Euclidean 
space (ds)? = g;;dx‘dxi = (dx')?+ (dx?)?, and 


s=f [ (dx'!/ds)?+ (dx?/ds)* }'ds. (52) 


Using a dot to indicate differentiation with re- 
spect to s, and introducing the abbreviation 
symbol y, there is obtained : 


b b 
- f [(e)2+ (42)? }eds = f ids. 


The condition that s shall be an extremum is 
given by Euler’s equations: 


dy /dx‘ — (d/ds) (dp /dx*) =0. 
The solution of Eq. (53) is: 


(53) 


x?=mx!+b, (54) 


the class of all straight lines in the space, as would 
be expected. 

The application of Euler’s conditions to lengths 
in Riemann spaces leads to the general equations 
for geodesics : 


d*x*/ds?+ {k, 17} (dx*/ds)(dxi/ds)=0. (55) 


Applied to Euclidean space, the Christoffel sym- 
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bols are all zero, and Eq. (55) leads to the straight 
lines given by Eq. (54). For semilog paper, Eq. 
(55) reduces to two equations: 


d*x1/ds?=0, d?x?/ds*—(1/x?)(dx?/ds)? =0. 


The solution is 


(56) 


n=\|nx?=mx!+0. 


(57) 


When visualized on Fig. 5 the straight lines 
n=mx!+5 are to be expected ; when visualized on 
Fig. 6 the geodesic curves Inx?=mx!+5 are no 
longer obvious by inspection. 

The application of Eq. (55) to the two- 
dimensional Riemann space represented by the 
surface of a sphere leads to the well-known result 
that the geodesics are great circles. 


IX. Parallelism 


In the vector analysis of the plane the concept 
of parallel displacement of a vector of constant 
magnitude leads to the requirement that each 
component of the moving vector should be con- 
stant, that is, the derivatives of each component 
should be zero. This concept of parallelism must 
be modified for use on Fig. 5, since the components 
change as the vector moves about the plane even 
though its length and direction with respect to 
the £, 7-coordinates remains constant. 

The generalization required to allow for the 
changing unit of length leads to the following 
formula expressing the condition for parallel 
displacement : 


du‘/ds+u‘{i, jk} (dx*/ds) =0. (58) 


The parallel displacement takes place along an 
arbitrary curve C, and the arc length ds is along 
that curve. 

As an illustration, consider that the curve C is 
the x? axis; Eq. (58) yields two equations: 


du\/dx?=0, (59) 
du?/dx?+u?(—1/x?)(dx?/dx?)=0. (60) 


Equation (59) expresses the fact that u! remains 
constant as one proceeds up the x? axis, which is 
correct intuitively, and Eq. (60) is the same as 
Eq. (28) which has already been demonstrated. 

The extension of the method to parallelism of 
vectors of variable magnitude utilizes the idea 
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that the ratio of the components must be held 
constant. 


X. Vector Operators 


It remains to complete the generalization of 
vector analysis by displaying the vector operators 
written in tensor symbols. The formula for the 
gradient results from substituting the covariant 
derivative for the ordinary derivative: 


grady=y,. (61) 


The divergence is identified with the contrac- 
tion of the covariant derivative of a vector. The 
vector is of rank one, its covariant derivative is 
of rank two, and the contraction yields the re- 
quired scalar of rank zero. 


divU = u, §=du*/dx'+u"{i, hi} 
= (1/g4)(/dx*) (wig). (62) 


The Laplacian follows directly by taking the 
divergence of the gradient: 


Vp = (1/23) (0/dx*)gigty, ;. 
The curl is given by 


(63) 


curly; =0;, ;—2;, i (64) 


If v;, ;=v;,; the curl will be zero. This occurs when 
v; can be expressed as the gradient of some scalar 
yw. Then the order of covariant differentiation is 
commutable, and the curl reduces to zero. 

In conclusion, a warning must be emphasized. 
As stated in the introduction, this paper is in- 
tended only to supplement the conventional 
treatment of tensor analysis by analytical 
methods. Any reader whose knowledge of tensors 
has been gained solely from this paper will have 
a most inaccurate impression of the subject, It is 
exactly in those fields which this paper has 
avoided—the treatment of multidimensional 
spaces where geometrical visualization is im- 
possible—that the greatest importance and use- 
fulness of tensor analysis lies. It may be said that 
geometrical concepts have been translated into 
algebraic manipulations in simple spaces where 
visualization is possible ; these manipulations are 
then extended to higher spaces where visualiza- 
tion is impossible. The great formal beauty and 
elegance of the discipline is most apparent in 
these more sophisticated fields, 
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Tensor analysis, of course, is independent of 
any geometrical interpretation whatever, and 
some mathematicians are justly proud of ex- 
hibiting tensor calculus as a pure exercise in 
algebra. A justification for the sort of discussion 
attempted in this paper may be found in the 
words of the mathematician R. Courant:*... 
“The attitude of those who consider analysis 
solely as an abstractly logical, introverted science 
is not only highly unsuitable for beginners, but 
endangers the future of the subject ; for to pursue 
mathematical analysis while at the same time 
turning one’s back on its application and on 
intuition is to condemn it to hopeless atrophy.”’ 


3R. Courant, Differential and integral calculus (Inter- 
science, ed. 2, 1937), Vol. I, p. vi. 
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of the ideas of tensor analysis in a simple way is 
believed to be new. 


A New Method in the Teaching of Experimental Physics 


F. D. CruicKsHANK 
University of Tasmania, Hobart, Tasmania 


HE organization of efficient experimental 
work in physics in the first and second 
years of the undergraduate science course pre- 
sents many well-known problems. The general 
practice in the universities! at present is to follow 
the orthodox procedure that has come down 
unchanged in essentials since the institution of 
teaching laboratories just prior to 1870. With its 
standardized experiments, laboratory manuals, 
and general dullness, this method is too familiar 
to need description. It is remarkable that labora- 
tory work in physics should have remained almost 
stationary in its outlook and level of organization 
during a period which has been characterized by 
such revolutionary advances in so many fields. 
In sharp contrast to the early experimental 
work of the traditional kind, the beginnings of 
research work come as a great stimulus to the 
student. There is an absorbing interest in a re- 
search problem, and its whole environment is ab- 
solutely different from that of the work of the 
junior laboratories. It may be asked why these 
stimuli, so powerful and formative in the de- 


1A. Ferguson, Reports on progress in physics (Physical 
Soc., London), 7, 355 (1940). 


velopment of a research student, should remain 
the exclusive property of the research laboratory 
and be entirely lacking in the early part of the 
undergraduate courses. Can these courses be 
redesigned so that the student is trained from the 
outset in the systematic scientific method of ex- 
perimenting? In particular, might it be possible 
for the instructor in the first- and second-year 
laboratories to be the director of a research in 
which the whole of his class is engaged? 

In 1938 an experiment was commenced by the 
writer at the Physics Laboratory of the University 
of Tasmania to investigate the practicability of a 
new approach to the problem of teaching experi- 
mental physics along lines suggested by these 
questions. The attempt was made to transfer 
something of the atmosphere of the research labo- 
ratory into the first-year laboratory, the course 
being planned on the assumption that the func- 
tion of the first-year laboratory was to lay the 
foundation of a sound training in the scientific 
method of investigation. In the discharge of this 
function those problems were to be investigated 
which would serve this end best, the coverage ob- 
tained over the various sections of the subject 
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being regarded as of lesser importance. To safe- 
guard this matter of coverage, the second point of 
the plan was the use of demonstration experi- 
ments to ensure that the student would become 
familiar with the general phenomena of the sub- 
ject over a broad range of topics. The suitable 
union of these two activities would give the stu- 
dent a wide general acquaintance with physical 
phenomena and lay the foundation of a training 
in the scientific method of investigation. 

The third point of the plan made the instructor 
the director of a research group comprising the 
members of his class. This involved immediately 
the elimination of the laboratory manual, the in- 
structor being responsible for introducing all 
problems orally and making the greatest possible 
use of class discussions in every phase of the work. 
It was thought that class discussion under his 
general direction would provide opportunity for 
putting forward ideas as to the best means of 
investigating a problem or of surmounting some 
difficulty which might arise. It would provide 
ample scope for training in the interpretation of 
experimental results, in the determination of re- 
lations between the physical quantities involved 
in the measurements made in the experiments, 
and in the general handling of observational data. 
The instructor’s skill would lie in his ability to 
draw his group thoroughly into the problem and 
to inculcate in them the habits of clear thinking 
and systematic working. To make use of discus- 
sions in this way requires, of course, that all mem- 
bers of the class should be engaged on the same 
problem simultaneously. 

The fourth point in the general scheme was the 
selection of lines of investigation which would 
provide a program of work continuing over a 
number of weeks of normal class time, the various 
phases developing naturally in a connected se- 
quence. This was designed to avoid the scrappy 
and disjointed character of the orthodox method 
and to ensure that continuity of thought and 
inquiry which is characteristic of a normal re- 
search problem. The results obtained in the initial 
stages were so encouraging that a steady transi- 
tion has been made from the old to the new 
courses in a series of steps as the evolution of 
suitable problems and the expansion of apparatus 
permitted. 

It may be of interest to describe the main 
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features of the courses now running at the Labo- 
ratory, and to note some of the leading points 
which have emerged as the result of the experi- 
ence of the past ten years. In the first year the 
unit class under the direction of one instructor 
consists of sixteen students. It is considered that 
this is the maximum number which can be handled 
efficiently by one instructor, and although four- 
teen or even twelve would be more ideal, experi- 
ence shows that a group of sixteen is workable. A 
small laboratory sufficient for a group of this size 
is preferable to a large laboratory in which 
several such groups might work independently of 
one another. In the earlier stages of the work here 
a large laboratory was used, but one of the 
happier results of the large increase in the number 
of undergraduates at the close of the war has been 
the provision of temporary accommodation in 
which four small laboratories, each about 30 ft by 
20 ft in size, have been established in converted 
army huts. These have proved eminently suit- 
able, and provide accommodation for sixty-four 
students at any one time, being used in turn by 
the various sections into which the first-year 
population is divided. In each group the students 
work in pairs, the eight pairs being engaged on 
the same investigation simultaneously. Investi- 
gations are selected which lend themselves to ex- 
tended inquiry, and as the available class time is 
only four hours per week one line of work may 
develop from stage to stage over a period of per- 
haps six or more weeks. This continuity of the 
investigations promotes very considerable inter- 
est and offers scope for vigorous class discussion. 

The instructors are drawn in part from the 
permanent laboratory staff and in part from 
senior students. The latter are recruited at the 
end of their second year in many cases, and, in 
the course of their remaining undergraduate 
studies and early research training, may act as 
demonstrators for three or four years in succes- 
sion. Wherever possible, new recruits work for a 
period with an experienced instructor before being 
put in complete charge of a group. Experience has 
shown that these student instructors are inter- 
ested in this method of teaching and enter into 
the work with enthusiasm. Each week all the in- 
structors meet regularly to discuss the lines of 
investigation in progress, to consider difficulties 
which may have arisen and methods of meeting 
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them, and to plan developments and improve- 
ments for the course. This ensures a keen critical 
interest from the teaching side. 

The content of the course may vary somewhat 
from year to year, and even from section to sec- 
tion in the same year. Developmental work in 
connection with suitable lines of investigation in 
different fields is constantly in progress, and the 
content of the courses changes to include the best 
selection of the investigations which are avail- 
able. Further, since it is possible to classify the 
students so that each group of sixteen is fairly 
homogeneous, those groups which contain the 
more able students advance at a greater speed 
and may cover a greater number, and possibly a 
different selection, of investigations than those 
groups containing the weaker students. The 
course thus possesses a flexibility which is able to 
meet the needs of the various groups so that maxi- 
mum benefit may be obtained by all. 

The major part of one term is devoted to 
problems connected with dynamics and the prop- 
erties of matter. In particular, close attention 
may be given to the study of linear and rotational 
harmonic vibrations, including the variation of 
the amplitude of systems vibrating in air, and 
hence the exponential decay law. Matters such as 
the moments of inertia of rotating bodies and the 
elastic properties of springs and torsion wires 
arise naturally for investigation in the course of 
these studies. A second term is fully occupied 
with studies in electricity, covering in a connected 
investigation such matters as the properties of 
linear and nonlinear conductors towards steady 
and alternating applied potential differences; the 
design of multirange ammeters, voltmeters, and 
ohmmeters; the measurement of current, po- 
tential difference, and resistance using poten- 
tiometer and bridge methods; the properties of 
triode vacuum tubes, the simple triode amplifier, 
etc. A special aim in this section of the course is to 
develop an ability in the student to design circuits 
for various purposes at about the level suggested 
by the topics just given, for this ability confers a 
very definite sense of confidence. The third term 
is mainly taken up with optical studies such as 
the paraxial properties of spherical lens systems, 
the elements of interference and diffraction phe- 
nomena, and spectra. Within the framework of a 
course following these general lines it is quite an 


easy matter to incorporate sufficient problems of 
the type which would provide practice in meas- 
urement or in any other discipline which may be 
considered necessary, and yet retain the value of 
the general stimuli associated with it. 

The laboratory notebook contains a working 
diary of all the investigations which are made, 
together with such notes of the discussions as the 
student may judge to be valuable. At the end of 
an investigation it is often useful to hold a group 
symposium at which various members present 
reports on the separate sections of the investiga- 
tion, thus affording a complete review of the 
whole matter. These reports are discussed and 
criticized by the students and the instructor, and 
in some cases the separate reports are put to- 
gether by two members of the class into the form 
of a paper. This is finally edited by the instructor, 
and may be typed and circulated among the 
students of the year. In addition to this general 
program, two or three shorter problems may be 
assigned for unaided investigation after the stu- 
dent has become familiar with the systematic 
scientific method of working. Such problems are 
completed by the writing of a paper on the same 
general lines as the normal report of original re- 
search prepared for publication. 

In the second year it has been found that 
twelve students is the maximum number which 
can be handled efficiently by one instructor on 
account of the more advanced nature of the work. 
Present conditions have necessitated groups of 
sixteen to be under the direction of one demon- 
strator, but these are definitely too large. Con- 
siderably more latitude is permissible in this year 
as the ability of the students is greater. In addi- 
tion to more advanced work along the same lines 
as in the first year, it has been found expedient to 
undertake problems which, after some general 
preliminary work, will split into a number of re- 
lated subsidiary parts for separate investigation 
by the various pairs of students in the group. 
Cohesion between the progress of the various 
branches of the investigation is maintained by 
frequent discussions. 

A number of courses suitable for investigation 
at the second-year standard have been developed 
and a selection is made from them to suit the re- 
quirements of each group. A study is made of the 
properties of the ballistic galvanometer leading to 
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a connected development of its applications to 
the measurement of capacitance, high resistance, 
and changes of magnetic flux, and finally to the 
investigation of the magnetic properties of ma- 
terials in terms of B—H and J-H curves, etc. The 
theoretical side of this course provides oppor- 
tunity for the student to gain a close acquaintance 
with the differential equation of damped har- 
monic vibrations in addition to much funda- 
mental electromagnetic theory. A second course 
is designed to develop the properties of vacuum 
tubes and their use as amplifiers, pulsing devices, 
square wave generators, differentiation circuits, 
etc., providing a sound introduction to electronics. 
Liberal use is made of a small cathode ray 
oscillograph unit in this work. In the field of 
physical optics a study of diffraction is made, 
developing, for instance, from the single slit 
through the double and triple slits up to the 
many-line grating. Wavelength measurements by 
means of grating and prism spectrometers, and 
measurements of refractive index and dispersion 
for a glass, provide scope for experience in precise 
measurement. On the geometrical optics side a 
course is being developed for the experimental 
study of the aberrations of lens systems. A course 
in elasticity including elastic hysteresis is also 
available, and this supplies some straightforward 
work which lends itself to the analysis and 
handling of the errors of experiment. 

The over-all experience of the past ten years is 
that the introduction of the present method has 
been very successful. There has been a great in- 
crease in the interest shown in the experimental 
courses, which is evident during the classes and 
also from the frequent requests to be permitted to 
extend some investigation outside normal class 
hours. In the first term of 1947 considerable suc- 
cess was achieved by one group of second-year 
students who became interested in certain aspects 
of a fairly stock problem, and following these 
matters up have produced some work which is 
apparently original. At the end of the term they 
presented the results of their work at a sym- 
posium at which the whole laboratory staff and 
the senior students were present. It is hoped to 
extend this work during a vacation with a view to 
the possible publication of a paper. This is a very 
creditable performance for a group of students in 
the first term of their second year. While this 
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work was in progress a number of these students 
who came to the laboratory for normal afternoon 
classes continued their investigations until late in 
the evening, and in some instances worked right 
through the night to complete some phase of the 
work. Though such sessions are not exactly en- 
couraged, for the next day brings its own round 
of classes, the instances are quoted to show the 
revolutionary effect which the introduction of the 
research stimulus has in the junior laboratories. 

To illustrate the kind of work which is possible 
with the methods described a paper is being pre- 
pared which gives an account of an experimental 
investigation of the paraxial properties of a posi- 
tive thick lens system. This work is undertaken 
without any background knowledge of lens sys- 
tems being given, and it is found that at the con- 
clusion of the work the students have gained such 
an insight into the problem and the methods of 
working that they can readily undertake the in- 
vestigation of any other paraxial problem such as 
a negative lens system, and unravel its properties 
in a systematic way without aid from the in- 
structor. The work to be described in this paper is 
presented to the class as a series of problems 
which develop naturally one from the other, and 
all the deductions and development of the essen- 
tial “story” of the lens system come to light 
during the class discussions. This work is followed 
by a theoretical course in which the geometrical 
theory of the lens system is developed, so that the 
two elements of the scientific method, experi- 
mental observations and a tentative hypothesis 
to explain the experimental behavior, are main- 
tained in their right relation. 

This account would not be complete without 
grateful acknowledgment of the very real help of 
many persons. First to Professor A. L. McAulay 
for generously ‘allowing the writer complete 
freedom of action in the conduct of this work in 
the first- and second-year classes; then to Mr. 
B. I. H. Scott and Mr. G. C. Harvey of the staff 
of this department for enthusiastic support in the 
more recent phases of the work, and also to many 
senior students who have given unstinted assist- 
ance as demonstrators; and finally to Mr. R. L. 
Propsting, senior instrument maker at the Labo- 
ratory, for very willing and effective cooperation 
in the production of experimental apparatus, often 
under very difficult conditions and at short notice. 





On Class Room Demonstrations 


W. W. ROBERTSON 
University of Texas, Austin, Texas 


N these days of many excellent text books, the 
exact function of an instructor in an ele- 
mentary physics course is somewhat problem- 
atical. But the unique functions of an instructor 
seem to be threefold: (1) He is the taskmaster for 
the class, (2) he can give the individual considera- 
tion needed by each student (no textbook being 
sufficiently flexible to meet the needs of all the 
students), and (3) he can perform demonstrations 
before the class. 

The large classes found in elementary physics 
courses at the present time reduce the effective- 
ness of the second function to the point of 
extinction, through no fault of the instructor. 
But in the last few years there seems to have been 
a voluntary tendency on the part of many in- 
structors to give up the third function in favor of 
a tendency toward fewer and fewer class room 
demonstrations. 

Reasons for the apparent decline in the use of 
demonstrations are readily found. (1) Apparatus 
worn out during the war years is still difficult to 
replace. (2) Apparatus that fell into disuse 
through lack of repair is probably still in disre- 
pair, since the main effort of a physics depart- 
ment at the present time is quite likely the 
building up of research apparatus to take care of 
the large number of graduate students. (3) Some 
instructors are unwilling to take time from their 
own research to prepare demonstrations for ele- 
mentary courses. Less time is required in prepara- 
tion for a lecture consisting of a formal presenta- 
tion of familiar material and of the solution of a 
few problems than for one involving gathering 
apparatus for workable demonstrations. The 
effective use of demonstrations also requires 
strict adherence to a carefully prepared time 
schedule in order that the material may be 
covered in the allotted time. (4) The unusually 
large classes of the last few years present the 
added problem of obtaining apparatus of suffi- 
cient size and simplicity for effective demon- 
strations. 

The answers given to those who question the 
advisability of spending class room time upon 
demonstrations are usually that demonstrations 


(1) relieve the monotony of formal lectures and 
stimulate interest, (2) impress physical concepts 
on the minds of the students, (3) illuminate 
difficult ideas, thus actually saving class room 
time, and (4) keep the experimental point of view 
before the students. 

In addition to the arguments enumerated 
above, demonstrations allow an approach to a 
number of topics in physics which is qualitatively 
different from that given in textbooks or in a 
lecture without the use of demonstrations. This 
latter point will be discussed in considerable 
detail. 

Demonstrations usually serve to illustrate the 
use of physical principles in the interpretation of 
natural phenomena or to verify the principles. In 
these respects no one questions their importance 
to the students nor grudges them full considera- 
tion in lectures and in the laboratory. 

An important factor that does not get the 
attention it deserves in either the lecture or the 
laboratory is a demonstration of the manner in 
which the physical concept is developed in the first 
place. To a student in an elementary course, a 
demonstration of the development of a physical 
concept is essentially a demonstration of an ex- 
perimental approach to a scientific problem. The 
instructor finds the following rather well-defined 
steps to be taken in a typical demonstration: 
(1) Illustrating the phenomenon which calls for a 
new concept, (2) deciding what variables are of 
importance in controlling the phenomenon, (3) 
devising an experiment to check the effect of each 
variable, (4) formulating a generalized statement 
expressing the relation between the phenomenon 
and the controlling factors, and (5) verifying the 
general statement. Since these are the essential 
steps in the scientific method, lecture demonstra- 
tions can be performed in such a manner as to 
give the student training in the application of the 
scientific method to a particular scientific prob- 
lem along the lines outlined above. Such experi- 
mentation carries with it a feeling of discovery, of 
creativeness and of fertility that is often sup- 
pressed by the abundance of well-worked-out 
principles presented to the student. 
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Although one cannot profitably present all 
lecture demonstrations from this point of view, 
there are many which can be so presented. Effort 
and ingenuity on the part of the instructor are 
the principal requirements. 

The use of simplified demonstration apparatus 
makes it difficult, in general, to obtain accurate 
quantitative data, but the effectiveness of the 
demonstration is not necessarily lessened. Some 
demonstrations need to give only qualitative 
answers in order to be useful in illustrating a 
scientific line of reasoning. The last of the three 
examples given below is used to illustrate this 
point. They are given to allow the experienced 
teacher to judge for himself the possible virtues 
of this manner of presentation. 


Example I 


Introduction of the subject of torques to a first year 
college physics class. The equilibrium of non- 
concurrent forces is taken up immediately after 
the completion of the study of equilibrium of 
concurrent, coplanar forces, and it is, of course, 
first pointed out that the forces involved may 
now produce rotation of the object upon which 
they act. The effectiveness of a force in producing 
or in tending to produce rotation of an object 
about some axis is given the name torque and the 
immediate problem is to get a quantitative 
measure of torque. 

The students’ own experience can be called 
upon in determining what factors are involved in 
expressing the torque due to a force by dis- 
cussing, for example, the common experience of 
opening a door. It becomes readily evident that 
the effectiveness of a force in tending to produce 
rotation is dependent upon the magnitude of the 
force, its direction, and its point of application. 
As many examples as are desired can be added to 
show that these three factors are the only ones 
that need to be considered. 

The apparatus to be used in the demonstration 
consists of a meter stick, knife-edge supports, 
spring balances, and weights. First, the meter 
stick is suspended at its midpoint upon the knife- 
edge support so that the weight of the meter stick 
itself is obviously balanced in so far as its effect in 
producing rotation is concerned. The forces to be 
applied to the meter stick are fairly accurate 
weights suspended by threads looped around the 
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meter stick. A weight is placed at some con- 
venient position near one end of the meter stick 
and the torque resulting from that weight is 
balanced by a different weight at an appropriate 
position near the other end. The clockwise torque 
is then seen to be balanced by the counterclock- 
wise torque and any quantitative expression for 
the torques must give the same numerical value 
for the two above. The values of the factors con- 
sidered pertinent (force and lever arm) are 
recorded and the experiment is repeated with 
different forces and points of application. The 
“right’’ combination of force and distance to ex- 
press torque must be the one that gives the same 
numerical value for the clockwise and the 
counterclockwise torques when applied to the ob- 
served values. The data can be so chosen that it 
is obvious that the only simple, yet satisfactory 
expression is the product of the force and the dis- 
tance from the point of application of the force to 
the point of support of the meter stick. 

It is easy to show how to handle torques re- 
sulting from more than one force in each direction 
by placing two weights on one side of the support 
and balancing them by one weight on the other 
side. It should be emphasized by the demonstra- 
tor that the torque due to the single weight can 
be calculated. The numerical values for the sum 
of the torques in each direction must again be 
equal, and it is found that the resultant torque is 
the sum of the individual torques created by each 
weight. 

If the meter stick is.supported at any point 
other than its midpoint, it is obvious that its 
own weight is effective in producing rotation. To 
find out how to account for the stick’s weight, it 
is supported off center and balanced by a single 
weight on the shorter arm. The next step is to 
look for the simplest method of expressing the 
torque resulting from the weight of the meter 
stick itself, calculating the balancing torque as 
before. This approach leads naturally to the con; 
cept of center of gravity. 

The experiment can be repeated with the knife- 
edge support suspended from a spring balance in 
order that all forces can be considered. It is then 
found that regardless of the reference axis chosen 
for the purpose of calculating the torques, the 
sum of the torques will always be zero if the 
meter stick is actually in rotational equilibrium. 
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Example II 


The problem of dry friction. The object here is to 
discover experimentally the relation between 
frictional force and normal force. The procedure 
to be followed is essentially that described above, 
the essence of the procedure being the reasoned 
search for pertinent factors which determine 
frictional forces. A few minutes’ experimentation 
with blocks of different dimensions and of differ- 
ent materials, a spring balance, and a smooth 
board will give the students sufficient data to 
show that frictional forces depend upon the 
nature of the surfaces in contact and upon the 
weights of the blocks, but that they are essentially 
independent of the surface areas in contact. 
Doubling and tripling the weight of a given block 
by piling weights on it will reveal that the 
frictional force varies directly with the weight for 
given surfaces. If the students seem satisfied that 
all important factors have been considered, a 
question is then raised about the frictional forces 
involved in sliding a block up or down an inclined 
plane. After a brief discussion, the students 
usually realize that it must be the normal com- 
ponent of the weight that is of importance. This 
concept is usefully verified by adjusting the slope 
of the inclined plane until the block slides down 
at constant velocity and then making the neces- 


sary explanations, measurements and calcu- 
lations. 


Example III 


Wave motion and the conduction of sound. This 
example is taken from a portion of an introductory 
lecture on sound and attempts to show jow 
qualitative experiment may be combined ith 
common experience and common sense to lead to 
a correct physical concept in a manner familiar to 
scientific research. The question here is the 
nature of the disturbance in a medium conducting 
sound. The idea is first presented that the source 
of every sound is a vibrating object. A few 
demonstrations may be given, including that of a 
card pressed against a rotating toothed wheel and 
of a jet of air directed against a row of holes in a 
rotating disk. The problem is then limited to 
discovering the manner by which energy is 
transmitted from the vibrating source to the re- 
ceiver. The first question that presents itself is 


whether or not a medium is necessary for the 
transmission of the energy. The experiment of 
the ringing bell in the bell jar is used to decide 
between the two alternatives (this demonstration 
will continue to be used for its pedagogical value 
even though, as was pointed out recently by 
Lindsay,' the simple explanation that can be 
given of it in an elementary class is not rigorously 
correct). 

After it is decided that a medium is necessary, 
the next question presents two additional alter- 
natives: Is the energy transmitted from particle 
to particle through the medium, or does an indi- 
vidual particle that receives energy from the 
vibrating source finally impart that energy to the 
receiver? If the students are reminded that sound 
is transmitted through liquids and through solids 
as well as through air, as they probably know on 
the basis of their own experiences, then they will 
probably conclude that the energy is transmitted 
from particle to particle through the medium. 
Demonstrations such as sound passing through 
smoke-filled air may then be given tosubstantiate 
this conclusion. 

The problem is then raised about the nature of 
the motion of an individual particle in the medi- 
um conducting sound energy. A demonstration of 
the resonant vibration of two tuning forks of the 
same frequency will show the periodic nature of 
the disturbance in the space around the source 
and will indicate that a particle of the medium at 
that point must be vibrating with the frequency 
of the source. The finite velocity of sound should 
indicate that a phase difference exists between 
adjacent vibrating particles. The facts presented 
above plus an examination of a model of a simple 
transverse wave will show that the transmission 
of sound energy involves wave motign. 

Thus, the teaching of the scientific method by 
lecture demonstrations does not necessarily in- 
volve elaborate or novel apparatus. It is rather 
the manner in which a demonstration is presented 
and interpreted that determines whether or not it 
illustrates the scientific approach to a problem. 
Instruction of this kind can come only from an 
experienced teacher and researcher, and the in- 
structor who neglects to develop this phase of 
science teaching is giving up one of the poten- 
tially important contributions to his classes. 

1R. B. Lindsay, Am. J. Physics 16, 371 (1948). 





A Two-Year Course in Basic Elementary Physics 


G.- ForMAN, P. Rupnick, F. G. Stack, aND N. UNDERWOOD 
Vanderbilt University, Nashville, Tennessee 


URING the past ten years there has evolved 

at Vanderbilt University a two-year course 
in physics worthy of description. This course, 
begun as a compromise with the engineering 
school, could not have been developed without 
the support and approval of this group. Prior to 
the experiment with the two-year sequence the 
regular sophomore four-hour course was given. 
The electrical and mechanical engineering de- 
partments desired to start courses in the sopho- 
more year which they felt should be preceded by 
physics. The physics department desired fresh- 
man mathematics as a prerequisite and calculus 
as a corequisite and thus did not wish to move its 
course into the freshman year. The department 
also felt the need of some modern physics in the 
course and desired more than four year-hours to 
cover elementary physics including this. Thus, a 
compromise arrangement, wherein a three-hour 
per week course extended over two years be- 
ginning in the freshman year, was begun on an 
experimental basis. This increased the credit con- 
tent by 50 percent to the satisfaction of the 
physics department, introduced mechanics and 
electricity in the freshman year to the satisfaction 
of the engineering departments and, requiring 
only two lectures and one laboratory period per 
week, fitted into the freshman-sophomore pro- 
grams satisfactorily. Actually the course gives 
approximately 120 lecture periods as compared 
with 60 on the older system and it retains 
30 three-hour experimental laboratory periods 
spread over the two years. In place of the one- 
hour weekly quiz section it substitutes a biweekly 
three-hour practice problem period which alter- 
nates with the laboratory, and running for two 
years, provides thirty of these sessions. This 
arrangement has proved very satisfactory to all 
concerned. 

Spreading the course over the two-year period 
appears to have advantages which more than 
compensate for such obvious difficulties as too 
little concentration and waning interest. Some of 
the advantages are the correlation of mathe- 
matics and its application in physics, and of 


physics and its application in engineering sub- 
jects. The instructor, forced to begin the course 
in a very elementary fashion, has the feeling of 
not being rushed. Subsequently he finds the pace 
can be increased so that in the sophomore year 
material can be covered at a considerably ac- 
celerated pace and on a higher level. The two- 
year period gives opportunity for ‘‘soaking in” 
which appears far superior to that afforded by 
short concentrated courses. 

The text used is Analytical experimental physics 
by Lemon and Ference. Six quarters of the course 
are divided approximately as follows: 


The first two quarters are devoted to mechanics and are 
used to give as full an understanding of basic principles 
and terminology as possible. Vibration and periodic motion 
are included in such manner as to reduce the time that 
would otherwise have to be spent on sound. The third 
quarter covers d.c. electricity and the fourth a.c. electricity 
and introductory electronics. The latter subject, taken in 
the first quarter of the sophomore year, coincides with and 
is strengthened by the engineering courses in mechanics 
and electricity. The fifth quarter covers sound and heat, 
including radiation and Planck’s quantum equation. The 
final quarter is divided between optics and atomic and 
nuclear structure approached from the viewpoint of 
spectra. The course includes modern physics as a sixth 
topic added to the conventional five fields of mechanics, 
electricity, and magnetism, sound, light, and heat. Approxi- 
mately one sixth of the course is devoted to modern 
material discussed in several different quarters under the 
headings of electronics and radiation. About one half of 
theiCast quarter is actually labeled modern physics. 


The use of the three-hour laboratory period 
every other week for working problems is an 
unusual feature. With properly selected instruc- 
tors and not more than 20 students per section 
both learning and teaching proceed effectively. 
No new subject matter is introduced in these 
periods. Occasionally, demonstration experiments 
are performed, data taken, individual computa- 
tions made and the results discussed. Atwood’s 
machine, e/m, cathode-ray tube, Schilling sound 
interference, viscosity measurement, ratio of 
specific heats, diffraction grating and Geiger 
counter absorption measurements are typical of 


22 










































ee ey SS SHE 






se ar 






Cr 





rs 





pre Kes fo > 
papi 













such experiments in various fields. Usually, illus- 
trative problems are assigned for work by the 
class. The subject matter of these problems is 
correlated with the lectures. Projectiles, electrical 
circuits, thermometry, and image formation by 
lenses are examples of fields covered. The stu- 
dents are encouraged to proceed as far as possible 
with solutions to problems and derivations in the 
general field. They are told that they should 
acquire a feeling of satisfaction and a mastery of 
the principles under discussion by freely asking 
questions and assistance of the instructor. This 
aim sounds idealistic but to most instructors it is 
a challenge; and the students’ response is generally 
to take advantage of the opportunity for super- 
vised study. Frequent quizzes are given during 
the regular lecture periods. Two-hour examina- 


I. The Scientific Method as a Blind Spot 


VERYBODY talks about the scientific 
method! It may replace the weather as a 
common topic of conversation among educators. 
In the periodical literature of the past two 
decades there has been an ever-increasing stream 
of articles on and references to the scientific 
method. Frequently, these essays and studies are 
speculative, authoritarian, metaphysical, or gen- 
erally inconclusive—the very antithesis of the 
method under discussion. The writers and 
speakers refer to the steps of the scientific method 
in the naive, if sincere, faith that these constitute 

the invariable sequence of a scientific inquiry. 
The history of science shows that the accept- 
ance of a belief common to a particular culture 
has often acted as a blind spot in the quest for 
truth. Thus, the Greek belief that the circle was 
the most perfect curve was accepted even by 
Copernicus.! It was the persistent genius of 
Kepler that finally broke the two thousand year 
old stranglehold on astronomy. Has the rigid 
1 Nicholas Copernicus, De revolutionibus celestium, quoted 


in Shapley and Howarth, A source book in astronomy 
(McGraw-Hill, 1929), pp. 1-3. 
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tions are given quarterly in accord with general 
practice in the college. 

In summary it is found that this two-year 
(three credit hours per week) course in elementary 
physics gives adequate training to satisfy the 
engineering school and can be fitted into schedules 
without difficulty. It is a great improvement over 
the standard sophomore physics course. It does 
not pretend to achieve the depth and coverage of 
the four- to six-hour courses running for two 
years at some of our larger engineering schools, 
but it isa very reasonable compromise. The course 
has proved so satisfactory that all science majors 
including N.R.O.T.C. and premedical students 
are advised to take this sequence. The equivalent 
of this course is made a prerequisite to senior 
college courses in physics. 





formulation of the scientific method become one 
of the blind spots of western culture? 


II. What the Scientific Method Is Not . 


The so-called scientific method is not a philos- 
ophy of life, nor a procedure by which every 
problem of living can be solved. The scientific 
method is not a formula which the scientist ap- 
plies in the laboratory. The scientific method is 
no guarantee that the user, however expert, will 
not make mistakes—will not draw the wrong 
conclusions. ‘“The very method of science, the 
way in which it defines a fact and its essential 
presuppositions, is not subject to scientific 
proof.’’? 

If the scientific method were a definite, well 
known series of steps, then it would be only 
necessary for anybody to memorize and drill 
those steps in order to solve any problem. Also, 
with a given set of data, everyone familiar with 
the recipe should arrive at the same conclusion. 
The history of science shows, however, that 
several great scientists can work with a given set 


2 The Harvard Report, General education in a free society 
(Harvard Univ. Press, 1945), p. 65, 
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of data and fail to see the underlying principle. 
Then, some other investigator examines the very 
same evidence and finds the basic relationship. 
The law of radiation is a good illustration of the 
above point. Both Wien and Rayleigh derived 
formulas for the distribution of radiant energy in 
the spectrum of a blackbody but neither was suc- 
cessful in fitting all the experimental evidence 
into a single relationship. Planck attacked the 
same problem and derived the law of radiation 
associated with his name, which was in good 
agreement with the observed facts. Are we to 
conclude that Planck was a better scientist than 
either Wien or Rayleigh? Does it follow that 
Planck knew the scientific method, whereas Wien 
and Rayleigh were ignorant of it? 


Ill. What Is the Scientific Method? 


There are many scientific methods. The nature 
of the problem determines the particular method 
to be used. 


It should be an important aim of general instruction 
in science . . . to give a clear appreciation of the 
hierarchy of nature and its reflection in the hierarchy 
of science . . . to convey a most important general- 
ization: that all modes of inquiry must be adapted 
to the material under consideration and to available 
methods of approach . . 


Scientific methods depend also on political and 
economic pressures, religious beliefs, available 
tools and instruments. ‘‘Neither inquiry nor the 
most abstract set of symbols can escape from the 
cultural matrix in which they live, move and have 
their meaning.’’* Since the scientific methods are 
a function of a given culture, then it is important 
to recognize their dynamic aspect.® 

It is impossible to predict what will be the 
exact procedure for solving a given problem until 
that particular problem has been solved. It is 
only then that the scientist, if questioned, retraces 
his steps and describes the procedure, omitting 
perhaps a good many important details which, 
have not reached the conscious level. Thus, de- 
scribing the particular scientific method, as a 
method, is always an @ posteriori process. 


3 The Harvard Report, op. cit., pp. 

4 Dewey, Logic; The theory of i past Holt, 1938), p 

5 For a penetrating analysis of the changing and leis 
science, see: Cameron, “The current transition in the con- 
ception of science,’ Science, 107, 553-558 (1948). 


It is generally conceded that there is no satis- 
factory definition of the scientific method. It is 
true that habit patterns become established in 
scientific research as elsewhere, but some of the 
most significant contributions were made by 
those who were courageous enough to leave the 
static framework of conventional methodology. 
This point of view was clearly recognized by Felix 
Kaufmann when he stated that ‘‘the most mo- 
mentous scientific achievements were not realized 
by a procedure in conformity with established 
rules, but rather in violation of the rules, and 
these achievements have led to the establishment 
of new rules superseding the old. . . . If Planck, 
Einstein, and Bohr had observed the rules of 
physical inquiry generally adopted at the be- 
ginning of the twentieth century, they would not 
have become the founders of quantum me- 
chanics.’’® 

The majority of scientists would probably 
agree with P. W. Bridgman’s colloquial descrip- 
tion: ‘‘The scientific method, as far as it is a 
method, is nothing more than doing one’s 
damnedest with one’s mind, no holds barred.’”? 
Translating the above statement into the lan- 
gauge of operationism: the scientific method is a 
set of operations used in finding a solution to a 
problematic situation which arises out of a given 
set of empirical facts. 


IV. The Teaching of the Scientific 
Method in Colleges 


The lockstep determinism of the 19th century 
still dominates the teaching of science in the 
elementary college courses of the United States. 
There appear to be at least three presuppositions: 
First, the scientific method is a closed set of rules. 


“Pour un observateur superficiel, la verité scientifique 
est hors des atteintes du doute; la logique de la 
science est infallible et, si les savants se trompent 
quelquefois c’est pour avoir méconnu les régles.’”* 


Second, exposure to and experience with scientific . 
material results, in a transfer of training to suc- 
cessful solution of problems in other fields. 


6 Kaufmann, ‘‘The nature of scientific method,” Social 
Research, 12, 469 (1945). 

7 Bridgman, “The prospect for intelligence,” 
34, 450 (1945). 

8 Poincaré, La science et l'hypothése (Flammarion, Paris, 
1902), p 


Yale Review 
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“‘Modern science, as training the mind to an exact and 
impartial analysis of facts, is an education specially 
fitted to promote sound citizenship.’’® 


Third, a knowledge of facts is good in and of itself. 


“In high schools and college, laboratory and micro- 
scopic observations are carried on as if the accumu- 
lation of observed facts and the acquisition of skill in 
manipulation were educational ends in themselves.’’” 


The dynamic nature of science has discredited 
the first assumption. Educational psychology is 
vehemently denying the validity of the other 
two. And yet the majority of the college physical 
science courses are taught in much the same 
fashion as they were fifty years ago. The only 
complaint that one hears from instructors is that 
there is too much material to cover in the alloted 
time. 

Paradoxically, the symptoms of the scientific- 
method blind spot are very prominent where one 
expects them least—among teachers of physical 
sciences in colleges. For instance, the author of an 
excellent and justifiably popular college textbook 
of physical science transmits the shibboleth of our 
times in the following terms: ‘‘The scientific 
method contains nothing mysterious, nothing 
complex. Reduced to simple terms, it may be 
divided into three steps: (1) observation, (2) 
generalization from the observed facts, and (3) 
checking the generalization by further obser- 
vations.” 

In a laboratory manual for a general education 
course in the physical sciences, it is admitted that 
the first forty experiments ‘‘are designed pri- 
marily to demonstrate some of the basic principles 
of the physical sciences” and, that in such experi- 
ments, “the conclusion drawn will generally 
coincide with the object of the experiment.”” 
Here again the word experiment is poorly chosen 
to describe the type of activity that the student 
carries out. But at least the author does not claim 
that the student will acquire the habit of inquiry 
and scientific training. 

However, in the section entitled scientific 


® Pearson, The grammar of oo Part I—Physical 
(Adam and "Charles Black, Ed. 3, 1911) p. 9. 

10 Dewey, How we think (Heath, 1910), p. 192. 

1 Krauskopf, Fundamentals of physical science (McGraw- 
Hill, Ed. 2, 1948), p. 86. 


2 ‘Haun, ‘Laboratory manual to accompany foundations of 


the physical a courses (University of Kansas 


Book 
Store, 1947), pp. 7 


method experiments, the author observes quite 
correctly that “In original scientific research the 
answers are not known and the conclusions to be 
obtained cannot be stated in advance. One makes 
hypotheses and sets up theories about probable 
answers and conclusions, but only correct inter- 
pretation of the experimental evidence enables 
one to arrive at facts.” 

But from there on he gets caught in the 


‘ pseudo-Dewey trap of the scientific method and 


proceeds to outline its steps in accordance with 
the interpretation of the self-appointed apostles 
of Mr. Dewey, and applies these steps to the 
problem of purchasing a fountain pen. 


The scientific or logical methods of solving a problem 
may be outlined as involving the following steps: 

. Make a statement of the problem. 

. Formulate a working hypothesis. 

. Collect data. 

. Test the data against the hypothesis. 

. If sufficient data agree with the hypothesis, then 
the hypothesis becomes a theory. 

. More data are accumulated and if, within the limits 
of experimental error, all the data agree and none 
disagree, the fact is established. 

. Ifatany time the data disagree with the hypothesis, 
theory, or fact, a new hypothesis must be set up 
and the process repeated." 


It is true that one can recognize the similarity 
between the above steps and Dewey’s five steps of 
reflective thinking.“ However, Dewey surely did 
not expect those steps to become the pedagogical 
catechism of science teaching, as it has unfortu- 
nately happened. He foresaw the dangers of an 
inflexible method. ‘‘It is, however, a common as- 
sumption that unless the pupil from the outset 
consciously recognizes and explicity states the 
method logically implied in the result he is to 
reach, he will have o method, and his,mind will 
work confusedly or anarchically . . . But be- 
cause teachers find that the things which they 
themselves best understand are marked off and 
defined in clear-cut ways, our schoolrooms are 
pervaded with the superstition that children are 
to begin with already crystallized formulae of 
method.’’® 

Consider a typical experiment in a laboratory 
manual of elementary college physics: Boyle’s 


13 See reference 12, p. 90. 
14 See reference 10, p a #a- 
15 See reference 10, oe. 113-114. 
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Law. The law is stated, the apparatus is de- 
scribed, the necessary formulas are derived, a 
table for entering readings is provided, and the 
necessary precaution for uniform temperature is 
given. Shades of Robert Boyle! The chances are 
good that the lecturer has already talked about 
the law in lecture and perhaps demonstrated it; 
that the student has had physics in high school 
and performed the experiment there; he is likely 
to have had chemistry in college and high school 
and to have heard about it there. When the 
student is now asked to do an experiment on 
Boyle’s Law, the spirit of scientific inquiry de- 
generates into a habit of collecting the same data 
that has been collected by millions of other bored 
students. This is ‘inventory taking of Nature” 
for the sake of taking inventory. 

It is perhaps not difficult to understand how 
the teaching techniques in a given period are a 
reflection of the practices of previous generations: 
imitation is often an escape from ignorance. But 
what cannot be condoned is the failure of a 
science instructor to understand the dynamic 
character of the field. The educational result is 
not only that the student does not see the forest 
on account of the trees, but that the trees them- 
selves appear to be petrified. 


V. Is It Possible to Teach the 
Scientific Method? 


In the above discussion it was brought out that 
(1) the current views of the scientific method are 
probably crude over-simplifications of the actual 
complexities of a scientific inquiry, (2) the presen- 
tation of the scientific method as a series of steps 
in a never changing sequence, is most unrealistic 
and leads to pedagogical sterility. 

What about induction, deduction, controlled 
experiment, mathematical formulation? These 
are the tricks of the trade that increase the proba- 
bility of solving the problem. They are important 
elements in all investigations of physical reality, 
but their relationship to scientific inquiry is quite 
complex, and often defies analysis. There is some 
evidence that these special techniques can be 
taught successfully in public schools.’*!7 An 


16 Curtis, “Teaching scientific methods,” School Sci. and 
Math. 34, 816-819 (1934). 

17Sharpe, “Why Not Use Control Experiments?,” 
Science Educ. 12, 19-22 (1938). 
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understanding of these special tricks is a neces- 
sary but not sufficient condition for the under- 
standing of the nature of scientific inquiry. Con- 
sider the case of Galen who lived in the second 
century A.D. and was one of the first experimental 
physiologists. He was the first to demonstrate the 
function of ureters by performing a controlled ex- 
periment on a living animal.!* Yet, when he tried 
to give an explanation of magnetism, he used 
logic instead of empirical facts, and became in- 
volved in a net of fantastic statements. 

It is generally agreed that an understanding of 
the development of scientific inquiry and some 
skills in the use of its methods are important to 
every individual, if he is to make a satisfactory 
adjustment to our present culture. However, it is 
nothing short of a delusion to claim that the 
present teaching of science is anything but a 
distorted image of the scientific method. Fortu- 
nately, there are several straws in the wind which 
indicate that college science teachers are be- 
coming aware of the discrepancy between what 
science is and how it is taught. 


VI. Recent Trends in the Teaching of 
College Science 


Some of the factors which might contribute to 
the improvement of college science teaching are: 
(1) a growing volume of critical appraisal of the 
philosophy, methods and techniques of teaching, 
(2) designs and tryouts of new courses for general 
education curricula, (3) a recognition that college 
teachers need special pedagogical preparation, 
(4) the extension of the scientific approach to the 
teaching of science. 

One of the most blunt and outspoken critics of 
the present state of science education is a science 
teacher himself. “‘It has surprised and startled me 
that physicists should have failed so badly in 
making physics contribute to the general educa- 
tion of nonscientists. . . . What we need at this 
point is more action and less talk.’’!® Philipp 
Frank maintains that science instruction is far 
from satisfactory even in the training of scientists. 
“The result of conventional science teaching has 
not been a critically minded type of scientist, but 


18 Galen, On the natural faculties, A. J. Brock (Harvard 
Univ. Press, 1947), pp. 55-61. 

(194 a “New frontiers,” ‘Am. J. Physics, 16, 209-216 
194 
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just the opposite . . . the present type of science 
instruction does not enable the student to form 
even the faintest judgment about the interpreta- 
tion of recent physics as a part of the new world 
picture. This failure prevents the science gradu- 
ate from playing in our cultural and public life 
the great part that is assigned to him by the ever 
mounting technical importance of science to 
human society.’’2° 

Many science teachers are aware of the ex- 
ternal and internal criticisms leveled at the tra- 
ditional methods and courses. The College 
Physics Teachers Colloquium, at the University 
of Iowa, and the Conant-Taylor-French Confer- 
ence on the Teaching of General Science, at 
Princeton University, were doubtless helpful in 
focussing attention on current issues, in sug- 
gesting possible solutions, and in discussing new 
approaches to science teaching. However, the 
ultimate answer lies with the rank-and-file science 
teacher. He must be willing to explore continu- 
ously for new and better methods; he must be 
prepared to change quickly his practices in con- 
formity with the dynamics of the times. That 
many science teachers throughout the country 
are trying out new schemes is a hopeful sign. One 
of the promising and much talked about designs 
for a general education science course has been 
outlined by President Conant of Harvard Uni- 
versity. The proposed course on the tactics and 
strategy of science would use the historical ap- 
proach: ‘‘The stumbling way in which even the 
ablest of the early scientists had to fight through 
thickets of erroneous observations, misleading 
generalizations, inadequate formulation, and un- 
conscious prejudice is the story which it seems to 
me needs telling.’ Another approach is ex- 
emplified by the course offered at Colgate Uni- 
versity, Problems in Natural Science. Several 
topics are selected out of various areas in the 
physical sciences. The student makes a case study 
of ‘how the problem got there, how it was at- 
tacked, and what major elements contributed to 
its solution, and what it means to society.” 


0 Frank, “The place of the philosophy of science in the 
— of the physics teacher,” Am. J. Physics, 15, 202 


*t Conant, On Understanding Science (Yale Univ. Press, 
1947), p. 15. 


“French, ‘The need for a_new approach to science 
teaching,” The Wiley Bulletin, December, 1947. 


But the inevitable question which presents 
itself is: How many teachers are prepared to present 
science from an historical point of view? How many 
teachers are aware of the fact that the scientific 
method was used before Galileo? How many 
scientists know that Galileo did mot drop stones 
from the leaning tower of Pisa? Until more quali- 
fied teachers become available, the majority of 
colleges will not be ready to offer a course on the 
tactics and strategy of science. However, there is 
a crying need for such a course in every graduate 
school. The history of scientific thought, the de- 
velopment of investigations, and the evolution of 
ideas and methods should prove invaluable to 
every budding scientist. A seminar, course, or 
colloquium on the history and philosophy of sci- 
ence would make a genuine contribution to the 
background of the present and future science 
teacher. Such a program could be handled on a 
departmental or interdepartmental basis. 

Unfortunately, the resistance to any change in 
pedagogical practice increases rapidly as one as- 
cends the academic ladder. The attention which 
some graduate schools are giving to the problem 
of college teacher training is in itself a very 
healthy educational symptom. But it is difficult 
to predict how many years will pass before 
teachers with the contemplated special training 
will go out into the field. In the meantime there 
is no reason why a more limited training program 
should not be instituted on a divisional or de- 
partmental basis. 

One of the weak links in the teaching of college 
science is the untrained, unprepared, and often 
unsupervised teaching assistant. The least ex- 
perienced assistants are usually assigned to the 
teaching of laboratory classes. Yet, the laboratory 
is supposed to be the workshop of the'scientist— 
the very place where the student is to learn most 
about the scientific method. In-service training 
courses can and should provide the much needed 
opportunity for demonstrations and discussion 
related to problems that arise in the laboratory 
and the quiz section. 

A few years ago the writer had the opportunity 
of organizing and conducting a training course for 
about forty inexperienced Signal Corps instruc- 
tors. During the weekly meetings the aims of the 
program were clarified, effective teaching tech- 
niques demonstrated, evaluation instruments dis- 
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cussed and planned, and practical classroom 
situations analyzed. The morale and performance 
of the staff and the students improved markedly 
in a few months. 

The general education science program at the 
University of Minnesota involves relatively few 
students and a correspondingly small teaching 
staff. The supervision and training program is 
very informal, but intensive. Frequent confer- 
ences among instructors, careful coordination of 
lecture and laboratory work, discussions with the 
assistants of each laboratory exercise, frequent 
visits to the laboratory, interviews with students, 
and the continuous revision of the material, 
all contribute to make the courses fluid and 
functional. 

Every attempt is made to avoid the stereotyped 
“experiments” in the laboratory for the general 
education science courses. Conventional labora- 
tory work does not begin to tap a small fraction 
of the student’s resourcefulness. What better way 
is there to teach that the scientific method is not 
a superhighway than to place the student in a 
situation where he will experience the same 
failures, make the same mistakes, suffer the same 
accidents, and explore the same blind alleys as 
the research scientist in the course of his daily 
work? 

For example, the first laboratory exercise is to 
construct a simple instrument for locating a star. 
The student is given a drawing of the Horizon 
system in astronomy. There are available mailing 
tubes, knives, cardboard, protractors, rulers, etc. 
The student has to devise a method of construct- 
ing a simple instrument. He submits his plan to 
the instructor for approval. If the latter approves 
it, the student may proceed with the con- 
struction of the instrument. When the instrument 
is completed, the student locates the position of 
the two “‘stars”’ pasted on the laboratory walls. 
The instructor checks the results to be sure that 
the student knows how to use his instrument. 

Not all of the exercises are of this nature. Some, 
of course, are designed to make textbook material 
more meaningful; others to develop certain skills. 
But in all exercises, the number of directions 
given is kept at a minimum. At no time is the 
student forced to channel his efforts within the 
narrow limits set by a number of prescribed 
steps. When the instructor sees the student 
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pursuing a more complicated procedure than 
necessary, he may let him go ahead with it; 
afterwards, he may suggest a shorter route. 

Most of the students are so bewildered by this 
unusual laboratory procedure that it takes them 
a considerable time to recover from the initial 
shock. They soon realize that it is either sink-or- 
swim, and the majority of them start ‘swimming.’ 
However, the lifeguard—the instructor—is on 
hand to rescue the few who start going down. 
Eventually everybody learns to ‘swim’ more or 
less well. 


VII. The Teacher’s Responsibility 


It is generally recognized that the teacher is the 
key element in the dynamic approach to science 
instruction. Recognizing this, many universities 
are beginning to experiment with programs for 
the preparation of college teachers. As time goes 
on, it becomes increasingly clear that under 
present trends in American education, a man 
distinguished for his scholarship is not neces- 
sarily the best teacher. As a recent article put it, 
“time, numbers of students, and the pressure of 
unmet or ill-met needs now confront graduate 
education with problems that cannot and should 
not be shunted along that familiar buck-passing 
line that leads ultimately to the kindergarten, 
preschool, and home. . . . The problem of grad- 
uate training of college teachers is immediately 
pertinent because more than half of America’s 
Ph.D.’s go into teaching.’ 

Perhaps the greatest handicap to the improve- 
ment of science teaching is the failure of science 
teachers to agree on an objective, systematic pro- 
cedure for attacking the problems of science edu- 
cation. Here, the blind spot covers the entire 
educational retina. ‘‘Where curriculum commit- 
tees have struggled to bring greater unity into the 
curricula of liberal colleges, the scientists have 
too often been the hold-outs. Or they have come 
in with mental reservations, unwilling, it almost 
seems, to carry their vaunted experimental 
methods of science over the experimental prob- 
lems of teaching science.”’” 

President Dodds of Princeton University speaks 
in the same vein: “. . . the neglect to experiment 


%3 Blegen, “‘The graduate schools and the education of 
college teachers,’ Educ. Record, 29, 12-13 (1948). 
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more in search of factual evidence is surprising in 
a profession staffed by men. whose lives are 
largely dedicated to the collection and trans- 
mission of systematic knowledge.’ It is amazing 
and disturbing to find in eminent scientists and 
science educators a naive, almost pre-Galilean 
approach to the pedagogical aspects of modern 
science. 

P. O. Johnson*> suggests that the ‘‘newer types 
of experimental design and the correspondingly 
appropriate statistical analysis offer new promise 
for the scientific study of educational problems.” 
He summarizes the research carried out by him- 


24 Quoted in the Editorial Comments, J. Higher Educ., 
18, 162 (1947). 

26 Johnson, “The scientific study of problems in science 
education,” Science Educ. 29, 175-180 (1945). 


self and his students as an illustration of how 
some problems in the teaching of science can be 
approached and solved in a scientific manner. 
How much longer will the science teachers 
preach the glory, power, and virtues of the 
scientific method and display unscientific be- 
havior in the classroom? Has the scientific 
method become the incurable delusion of the 
science teachers? The scientific method cannot be 
taught as a static, isolated concept. The dynamic 
nature of science demands a dynamic and experi- 
mental approach to the teaching of science. 


The author wishes to acknowledge his grati- 
tude to Dean J. W. Buchta for helpful criticisms 
of the manuscript, and to Professors R. Beck and 
M. Graubard for many helpful suggestions. 


Fellowships Administered by the National Research Council 


Announcement is made of three types of fellowship ad- 
ministered by the National Research Council. 


Joint Fellowships in the Natural and Social Sciences 


The Joint Fellowships in the Natural and Social Sciences 
of the Social Science Research Council and the National 
Research Council are supported by a grant from the Car- 
negie Corporation of New York. They are open only to 
citizens of the United States. Applicants must produce 
evidence of training equivalent to that represented by the 
degree of Ph.D., and of unusual talent for research and 
investigation. 

All fields of the natural and social sciences are open to 
applicants for the Joint Fellowships. Holders will be re- 
quired to devote their full time to advanced study and 
research for a period of two years. Six weeks annually will 
be allowed for vacation. A Fellow may not engage in work 
for remuneration or receive aid from another appointment, 
scholarship or similar grant during the tenure of the fellow- 
ship. 

To receive consideration at the next meeting of the Joint 
Fellowship Board, applications must be filed on or before 
February 1, 1949. Applicants must supply a proposed 
program of study and research, and must indicate the 
institution in which they desire to study. Awards will be 
made as soon as possible after March 15, 1949. 

The annual stipends, which will be determined in every 
case by the Joint Fellowship Board, will be in the range 
$2500 to $5000. Requests for application blanks or for 
additional information should be addressed to the Joint 
Fellowship Board in the Natural and Social Sciences, 


National Research Council, 2101 Constitution Avenue, 
Washington 25, D. C. 


Atomic Energy Commission Postdoctoral Research 
Fellowships in the Physical Sciences 


It is the purpose of these fellowships to enable men and 
women to gain advanced training and research experience 
in one of the physical sciences: physics, chemistry, geo- 
physics, mathematics, metallurgy, astrophysics, and engi- 
neering. The research to be pursued by a Fellow should 
preferably be concerned with a problem which will permit 
unrestricted publication of results. The fellowships are 
supported by the Atomic Energy Commission and the 
selection of Fellows will be made by the AEC Postdoctoral 
Fellowship Board in the Physical Sciences of the National 
Research Council. They are open only to citizens of the 
United States under thirty-five years of age at the time 
of appointment. A Fellow must have had training in some 
branch of the physical sciences equivalent to that repre- 
sented by the Ph.D. or Sc.D. degree, and must have 
demonstrated superior ability in research. 

Applications to be considered at the Spring (1949) 
meeting of the Board must be completed by February 15, 
1949. The basic stipend is $3000 per year. Larger stipends 
as determined by the Board may be granted when deemed 
necessary on the basis of family responsibilities. 

Requests for application blanks or for additional infor- 
mation should be addressed to the Fellowship Office, 
National Research Council, 2101 Constitution Avenue, 
Washington 25, D. C. 

(Continued on page 34) 





The Scientist and Government Research 
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ANY scientists dislike Government service 

and seem to feel that civil service work 

carries with it some inherent stigma. The reasons 

for this feeling are not immediately apparent; 

and if one reaches for them, they become quite 
elusive. 

Being confronted with this situation some 
years ago, the author gathered information from 
a limited number of typical industrial and gov- 
ernmental scientific laboratories, hoping that he 
could, by analyzing the data, reach some general 
principles that could be applied by civil service 
to obtain high grade personnel. 

In trying to classify the reasons why many 
scientists do not care for Government service, 
one thing is noted very early. That is, although 
employers often claim that they are unable to 
get good men because of salary limitations, the 
question of salary is rarely mentioned by the 
scientist himself. Very few instances were found 
in this study where a scientist declined a civil 
service appointment because the initial pay was 
too low, the future was uncertain, or the possi- 
bility of eventually obtaining a high salary was 
not great enough. The very lack of complaint on 
this score leads one to believe that salaries in 
civil service cannot be far out of line with similar 
positions in colleges and industry. 

To justify the contention, the salaries for a 
number of colleges, engineering concerns, and 
Government laboratories are shown in Table I. 
It is not claimed that this table covers enough 
cases to be statistically accurate, but it is the 
feeling of the author that sufficient cases are 
shown to determine trends. Several salient fea- 
tures of the table should be commented on in 
more detail. 

The system for compiling this table is as 
follows: The classifications P-1 through P-9 are 
chosen only as a usable system by which salaries 
can be differentiated without using actual figures. 
Some laboratory directors are somewhat reluctant 
to give salaries in dollars. Each person con- 
tributing to this table was asked to designate 


only the number of people on his staff who fell 
into the P-1, P-2, or other range. Therefore, the 
group of people who had salaries between $2644 
and $3397 is listed as equivalent to P-1. The 
distribution used takes no account of the age 
nor training of the various laboratory members. 
It shows only the distribution of salaries. 

If one uses as a basis for argument all Govern- 
ment scientists listed in column E, it can be 
seen that the bulk of these men fall in the range 
of P-2 to P-4. In other words, by far the largest 
number of Government scientists earn salaries 
between $3400 and $6000, with a very small 
percentage reaching $10,000 and only a few 
isolated individuals listed above that figure. 

Compared with these, Navy laboratories, em- 
ploying approximately 3100 scientists, show a 
shift in the upward direction. More Navy 
scientists are included in the P-3 and P-4 groups 
and fewer in the lower paid P-2 group. If one 
compares this distribution with a very large in- 
dustrial corporation including both engineers and 
research staff as in column C, one finds a very 
concentrated grouping at about $4000 to $5000. 
This concentration reduces appreciably the num- 
ber of men below $4000 as well as those above 
$5000. One significant difference does not show 
in the table. In this large industry, and quite 
probably in similar concerns, there are a few 
individuals employed for their scientific ability 
who far exceed the limits of the P-9 classification. 
They are the important cogs in the industrial 
scientific machine. This point will be discussed 
later, since it may be very important in con- 
sidering the management of scientific laboratories. 

Data from two other laboratories which are 
somewhat similar are given in columns A and B. 
Column A designates a large laboratory operated 
by private management and one which derives 
its funds entirely from Government sources. 
Laboratory B, on the other hand, is a large 
research foundation deriving its funds in part 
from the Federal Government and in part from 
industry. In each case the management can be 
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called non-civil service. It will be noted in both 
these cases that there is a shift towards the 
upper salary levels in comparison with column E. 
For instance, in the group from approximately 
$8200 to $9400, these two laboratories have 6 
and 8.6 percent respectively, while in the Govern- 
ment and industrial laboratories there are ap- 
proximately 2 percent. There is also a small but 
probably significant number of men who are 
above the P-9 group. 

These differences between the A, B, and C 
laboratories and the Government service become 
less startling when one considers the salary range 
of scientists working for colleges and universities, 
These are shown in column F. This group in- 
cludes salaries of teachers and research workers 
in engineering schools whose salaries are usually 
at least equal to, if not somewhat higher than, 
those of similar professors in the liberal arts or 
classical courses. It is seen that the largest 
fraction of the staff has salaries of less than $4000 
per year. These aré normalized to a twelve- 
month basis. If a faculty member is paid for a 
lesser period, a correction has been made to 
reach an equivalent salary. It will be noted that 
very few college employees receive salaries in 
excess of $6000 per year. 

Since we all admit that a great deal of re- 
search, and good research, is done by college 
and university staffs, it is clear that salary alone 
is not the reason that scientists are reluctant to 
enter Government service. It is generally recog- 
nized that many intangible compensations in 
college and university employment make the 
positions attractive and must be counted among 
the inducements to serve on a college staff. 
From this, one concludes that the management 
and administration of Government laboratories 
should determine if they cannot offer such in- 
ducements. 


Security 


In many instances the matter of security is a 
bothersome one. Some newspaper articles give 
the impression that scientists, as a whole, are 
opposed to security measures. This is quite 
untrue. Scientists, perhaps more than any other 
group of citizens, are aware of the need for some 
security measures and systems. A small group of 
scientists adopted voluntary security measures 


TABLE I. Distribution of salaries in certain laboratories. 
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Key to Table I. 


A—A large Government supported privately operated laboratory. 

B—A large publicly supported research foundation. 

C—A large commercial company’s = and research staff (as of 1947). 

D—Eight Navy civil service laborator: 

E—All Government scientists (as of 1944). 

F—Several groups of college-employed scientists. _ as : 

*—The salary range given for the various civil service ratings is that which was 
obtained as of January 1, 1948. Since that time, the President has signed a 
bill which authorizes an increase of $330 in each grade from P-1 through P-7. 


during the early stages of World War II. At the 
April, 1940, meeting of the Division of Physical 
Sciences of the National Research Council, a 
censorship committee was formed to control 
publication of material pertinent to the manu- 
facture of the atomic bomb. The committee was 
organized chiefly to curtail publication of articles 
on uranium fission but its field of activity ex- 
panded later to control publication policy in all 
fields of possible military interest. Scientists, 
however, object strongly to rules which treat the 
scientist as a different sort of person who must 
be watched more than the average citizen. They 
object, also, to rules which are patently un- 
enforceable. 

The origin of most of the objections lies in the 
fact that most rules are formulated to apply in 
the same manner to all individuals and all 
possible situations. It is perfectly true that there 
is a rule against homicide, which must apply to 
every citizen of the country under all circum- 
stances. Few of us will deny that this is a good 
rule. Quite probably we must have universal 
regulations prohibiting specific acts which might 
jeopardize the national security. In some cases 
the scientist is keenly aware of, and properly or 
improperly resents, general rules which may work 
a distinct hardship in individual cases. Further- 
more, these regulations are often administered 
and enforced by men who fail to understand the 
purpose behind them, or who do not feel able to 
make justifiable exceptions. For instance, in the 
interest of national security the Armed Services 
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may make a rule prohibiting the indiscriminate 
collection of data concerning the whereabouts of 
large groups of scientists. A little thought shows 
that much could be deduced from a collection of 
facts giving the names of a group of prominent 
scientists, their training and scientific interests, 
and their geographical whereabouts at any one 
time. This is easy to compile. Yet from such data 
one can determine the scientific problems a 
country considers important. Therefore, one 
might be able to plot the scientific progress of a 
problem similar to the development of the atomic 
bomb. 

However, the enforcement of such a regulation 
might be entrusted, under limited conditions, to 
an individual who has no knowledge of the 
reasons for the rule, nor why and how it should 
be enforced. This would lead to a situation like 
the following: The National Research Council, 
let us suppose, in preparing an inventory of the 
nation’s scientific resources, enlists the assistance 
of the group which compiles a document like 
American Men of Science. The reason for so 
doing is obvious. In sending out biographies for 
an official check, the National Research Council 
includes a long and somewhat involved question- 
naire. The results of this inquiry are to be used 
for official purposes only, but to be useful they 
require detailed answers on the part of the 
scientists. Unfortunately, this questionnaire is 
seen by a Security Enforcement Officer who 
immediately decides that it violates the security 
provisions which the Armed Forces have estab- 
lished. So, he sends a letter, apparently without 
further consultation with his superiors, which 
says: “. . . 3. There is another questionnaire 
being distributed to be used in connection with 
the eighth edition of ‘American Men of Science.’ 
. . . All contractors and their employees are 
cautioned against including any classified infor- 
mation in their replies. Particular warning is 
given to the questions ‘Item 14, 17, 18, 19, and 
23’ so that no classified information will be thus 
revealed. . . . It is earnestly requested that any 
such questionnaires received by you or your 
corporation be promptly referred to this office.” 
Thus the Armed Forces successfully prevent 
themselves from obtaining the data they want. 

Such an application of the security rule, al- 
though only cautionary in nature, cannot but 
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annoy the scientist, and in many cases, makes 
him determined to apply his own security laws, 
rather than depend upon the judgments of 
others. 

It should be pointed out that all scientists who 
enter Government service pledge themselves not 
to jeopardize the nation’s security. In doing so 
they nearly always sign the ‘Espionage Act.” 
When they do this, they, with other citizens, are 
acutely aware of the pledge they take. They 
resent enforcement officers assuming that their 
word is worthless and continually seeking viola- 
tions, even though the violations are quite 
unintentional and unimportant. 

Such things as the recent Condon inquiry can 
only make scientists reluctant to accept Govern- 
ment service. Up to the present time no disloyal 
act has been proved against Condon, and most 
scientists feel that if they had been in Condon’s 
shoes, they would have done exactly as he did. 
A public opinion-collecting group asked a num- 
ber of scientists the following question: ‘‘How 
did the manner in which the charges were made 
against Condon affect your willingness to accept 
responsible Government positions?”” The answers 
were as follows: 


“It made me decide to decline any such offer."” (12 
percent) 

“Made me reluctant to accept.” (63 percent) 

“Had no affect.”’ (23 percent) 


Notice that it was the manner in which the 
charges were made that was questioned, not the 
investigation itself. 

One problem often cited by those who ad- 
minister the work of Government scientists is 
the problem of obtaining clearance to publish. 
It is believed that such difficulties prevent 
proper recognition, and thus the attraction of 
Government service is reduced. As a matter of 
fact, in answer to inquiries, very few scientists 
have ever given this as a reason for disliking 
Government service. Perhaps the difficulty is not 
very real. 

In many respects the Armed Forces are ex- 
tremely liberal in the matter of publication. If a 
scientific problem can be divorced from classified 
matters (and usually it can be) then the Armed 
Forces show little or no reluctance to permit 
publication. On the other hand, because of the 
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resources placed at the disposal of scientists by 
the Government laboratories, very often they 
are able to publish more material than they could 
have done in private life. 

In answer to a direct question posed to many 
scientists who had been in Government service, 
or who contemplated working for the Govern- 
ment, few, if any, have ever said they resented 
or objected to the necessity for security. How- 
ever, many have objected to the met’:od in 
which security matters are enforced. 


The Dual-Control Managerial System 


In many Government laboratories, especially 
those controlled by the Armed Services, it seems 
necessary to have a dual system of control. The 
organization is set up in terms of a number of 
organizational boxes designated as desks or code 
numbers in exactly the same manner as one sets 
up the organization for a civilian laboratory. 
However, it appears to be an inviolable rule in 
our Armed Services that such desks, and the 
authority that goes with them, can reside only 
in an officer in uniform. In many cases these 
positions should be occupied by scientists. So 
the situation is alleviated by employing a scien- 
tist as an aide to the uniformed incumbent. The 
scientist then finds himself in the position of 
having to prepare all technical information, re- 
ports and letters, but having them signed by 
his counterpart in whom rests the authority to 
sign. This is 2 clear division of responsibility and 
authority; the authority residing in the uni- 
formed officer, and the responsibility with the 
scientist. 

The system appears to be predicated on the 
assumption that the scientist, being a queer sort 
of individual, cannot be trusted with such 
authority. Such a belief, if existent, is almost 
insulting. If the job is a scientific one, then the 
job should be filled by a scientist who has both 
the authority and the responsibility even though 
this requires a ‘‘break’’ in the chain of command 
and necessitates having a scientist in a position 
where he has authority over the uniformed 
officer. Such a system has been tried in other 
countries, and it seems to be quite workable and 
acceptable. There is no reason why it should not 
be adopted by our Armed Services. If it is 
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adopted, more scientists would be less reluctant 
to accept Government service. 


Administrative Objections 


The majority of the complaints that scientists 
have against Government service seem to follow 
no pattern at all. Yet, in many cases the com- 
plaints are of such long standing and stand out 
in such relief in the scientists’ minds, that the 
complainants are willing and, indeed, anxious to 
talk about the matter. Many of them were asked 
if they would care to put their complaints in 
writing—and did so.’ From these many com- 
plaints several are selected to show their caliber: 


One scientist complained that during a trip which 
he had taken at his employer's insistence he had found 
it necessary to travel a distance of thirty miles between 
two small towns. Upon turning in his expense account 
he found that he should have traveled by train whereas 
he actually traveled by bus. Because of this he charged 
the Government twenty-six cents more for this portion 
of the trip than he should have done. Admittedly, 
the scientist should have dropped the matter there 
and accepted the loss of twenty-six cents. Instead, he 
started a long correspondence to prove the validity of 
his actions. In this correspondence a great deal more 
than twenty-six cents was wasted on postage, paper, 
secretarial time, and the scientist’s time in the almost 
endless interchange of letters. This finally resulted in 
the scientist’s leaving Government service without his 
twenty-six cents. This seems to be a nonsensical 
procedure, and one which eventually lost for the 
Government the services of a competent scientist. 


Other examples of opinions, if not reasons, are 
quoted verbatim from their written statements: 


“A large amount of work done by former scientists 
now on the Government pay roll is not scientific work. 
Many of the undertakings are of a coordination, 
administrative, or management nature. Opportunities 
of scientific investigation are few and far, between, 
being snowed under by the ‘practical’ work that 
prevails under the name of science.” 


Another writes: 


“Advancement under civil service seems to depend 
more on how many people you supervise (whether or 
not they do any useful work), than upon actual ability 
and achievement.” 


Still others say: 


“The pyramid system suppresses initiative. Appar- 
ently a uniformed officer with a few stripes can get 
more action toward trying out a crack-pot idea than 
a scientist with a well-thought-out idea.” 
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“It was almost impossible to spend any time after 
hours in the laboratories.” 

‘There is a considerable amount of red tape involved 
in getting anything done. For instance, if I needed a 
tube not available in our stock room, it would take 
two days to get it from a supply house ten miles 
away.” 

““My general impression of civil service scientists is 
that they are of relatively low technical quality. They 
do not work very diligently, and their output is very 
low. There appears to be little or no incentive for 
work, and there always appear to be too many men 
for the work that has to be done.” 


Lest it appear that only uncomplimentary 
statements are ever made about civil service, let 
me quote from a statement by one man who 
had worked in two Government agencies. One 
of these apparently was very bad, and the other 
was very good. Yet, they were operating under 
the same general rules and regulations. 


“With regard to Laboratory X, the story was very 
different. Laboratory X has some deadheads. How- 
ever, it has some very capable men who are properly 
placed in the organizational setup, and the whole 
esprit de corps of this Laboratory is very high. I believe 
that this, in large part, is due to the administrative 
setup wherein individuals are encouraged to go into 
something of scientific interest to them and something 
which they have run into, and which is still relevant to 
the general Laboratory problems.” 


If one tries to find a pattern for all of these 
complaints, it must be admitted that all of them 
are petty, and few, if any, are made necessary by 
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the civil service system itself. All seem to have 
their origin in the administration of the labora- 
tory where the man works; and, as shown by 
the last quotation, are not to be found in all 
laboratories. 

The only conclusion one can reach is that the 
administration and management of some of the civil 
service laboratories is not all it should be. Herein 
lies the crux of the whole problem. 

A good many of the laboratory managers have 
reached their high level by many years of service, 
and the establishment of the proper amount of 
seniority. There is not the active competition 
for the managerial positions which one finds in 
industry. There is in the latter the insistence that 
a man must produce and do well in his job, or 
be fired. Likewise, there is not in civil service 
the salary incentive that exists in private labora- 
tories, since, until recently, the financial limita- 
tion effective in civil service laboratories was 
$10,000 per annum. This has been remedied to 
some extent by the addition of the P-9 classifi- 
cation which allows salaries up to $15,000 per 
annum, which may aid in part the obtaining of a 
sound, efficient managerial staff in Government 
laboratories. Such a staff might find it possible 
to cut through the so-called red tape and set 
the rules as they are fitted to the needs of the 
scientists, thus removing these petty annoyances 
which loom so large in the minds of the indi- 
viduals to whom they are made to apply. 


Fellowships ( Continued from page 29) 


RCA Predoctoral Fellowships in Electronics 


It is the purpose of these fellowships to give special 
graduate training and experience to young men and women 
who have demonstrated marked ability in the general 
field of Electronics—either as a branch of electrical engi- 
neering or as a part of the general field of physics. The 
fellowships are supported by the Radio Corporation of 
America, and the selection of Fellows will be made by the 
RCA Fellowship Board of the National Research Council. 

A Fellow must be a citizen of the United States who has 
demonstrated ability and aptitude for advanced work, 
and who has training in Electronics equivalent to that 
represented by one year beyond the bachelor’s degree in 


a university of recognized merit in this field. He will be 
expected to work on scientific problems related to Elec- 
tronics. A Fellow may not engage in work for remuneration 
or receive aid from another appointment, fellowship, 
scholarship or similar grant during the tenure of the 
fellowship. 

To receive consideration for tenure during the academic 
year 1949-50, applications must be filed on or before 
February 1, 1949. Awards will be announced about March 
15, 1949. Requests for application blanks or for additional 
information should be addressed to the RCA Fellowship 
Board, National Research Council, 2101 Constitution 
Avenue, Washington 25, D. C. 





The Millikan Oil Drop Experiment in Laboratory Courses 


O. OLDENBERG 
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 


HE purpose of this paper is to call attention 
to a logical difficulty which appears in the 
determination of the charge of the electron by 
the Millikan oil drop experiment! as it is con- 
ventionally carried through in many laboratories. 
In an advanced laboratory course the student 
should find out how the fundamental constants 
of atomic physics are derived from experiments. 
He should not be allowed unlimited freedom to 
intersperse among the measurements numerical 
values of constants taken from a book. In the 
measurement of the charge of the electron it is 
apparently fair to take for granted the charac- 
teristic constants of air, that is, its viscosity 
which enters into Stokes’ law and the correction 
factor which adapts this law to very small drop- 
lets. However, the attention of the student must 
be called to the fact that our knowledge of these 
two constants of air comes from fundamentally 
different origins. While the measurement of the 
viscosity is carried out by an independent experi- 
ment (for example, the flow of air through a capil- 
lary tube), the correction factor can be determined 
only by the Millikan oil drop experiment itself. 
Millikan discovered that large droplets yielded 
consistent values of the charge of the electron, 
but small droplets yielded values apparently 
increasing with decreasing droplet size. Millikan 
postulated a constant value for the fundamental 
charge and attributed the deviation to a failure 
of Stokes’ law; for droplets of a diameter com- 
parable to the mean free path of molecules in air 
he introduced a correction factor into this law. 
Using his data on large and small droplets he 
simultaneously evaluated two unknowns, the 
charge of the electron and the correction factor 
of Stokes’ law. 

In a students’ laboratory, the large droplets 
which do not necessitate a correction cannot be 
used easily because they require a large plate 

1R. A. Millikan, Electrons, protons, photons, neutrons, 
mesotrons, and cosmic rays (University of Chicago Press, 
1947), p. 99. The simplest performance of the experiment is 
described by J. B. Hoag and S. A. Korff, Electron and 
nuclear physics (Van Nostrand, 3rd ed.), p. 14, and G. P. 


Harnwell and J. J. Livingood, Experimental atomic physics 
(McGraw-Hill, 1933), p. 102. 


distance (15 mm) and correspondingly high 
voltage (up to 6600 volts). Practically, one is 
restricted to smaller droplets, for which the 
correction factor is appreciable. But giving the 
numerical value to the student completes a 
vicious circle since this value cannot be deter- 
mined independently. Therefore, the conven- 
tional laboratory method of taking the correction 
factor from a book is as logical as teaching the 
student how to solve a system of two equations 
with two unknowns but making it easier by 
giving him one of the unknowns. 

In practice, it is possible to arrange the labora- 
tory experiment so that both unknowns, the 
charge on the electron and the correction factor, 
can be satisfactorily determined by skillful stu- 
dents within three or four laboratory periods. 
Fortunately the correction enters into the equa- 
tions only as a factor by which the values of 
the charge on a droplet as derived directly from 
Stokes’ law must be multiplied. Consequently 
the following procedure is recommended. A drop- 
let is selected whose rate of free fall is most 
easily measured (falling, for example, 3 mm in 
30 or 40 sec). Using this droplet (or several 
droplets of nearly the same size) and varying 
the charge several times, many measurements of 
the charge are made disregarding the correction. 


e+ 4.70 «0 abu 
ee 
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Fic. 1. Correction of Stokes’ law in the Millikan oil drop 
experiment. The zero mark of the ordinate scale is included 
intentionally in order to demonstrate the relative magni- 
tude of the correction. 
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Such a long set will demonstrate the most im- 
portant fact that the observed charges are 
approximately multiples of a fundamental value. 
The charge of the electron shows up as the 
smallest difference between two observed charges 
of the droplet. The value thus derived from 
observations of a few small droplets will be 
larger than the accepted value of the electronic 
charge. 

Next, in order to determine Millikan’s correc- 
tion to Stokes’ law, a few determinations are 
made with larger and with smaller droplets. 
These results are then interpreted following 
Millikan’s own procedure. He discovered that 
the apparent value of the electronic charge e; 
(derived on the basis of Stokes’ uncorrected law) 
is related to the true value e by the equation 


e:!=e!(1+b/pa) 


where p is the pressure of the gas through which 
a drop of radius a is falling, and } is an unknown 
factor. For the determination of the unknown 
factor b it is sufficiently accurate to apply the 
values of the radii a as derived from the uncor- 


rected law. This equation suggests that the 3 


power of the apparent charge ¢; could usefully be 
plotted against 1/pa. Such a graph allows an 
extrapolation to very large droplets for which 
1/pa is 0, and the apparent charge é; is identical 
with the true charge e. From the slope of the 
curve the unknown 6 is derived. An example is 
given in Fig. 1. 

The experiment as described here has been 
performed in the Laboratory Course in Atomic 
Physics, offered at Harvard University, for four 
or five years. It is true that less skillful students 
fail to obtain satisfactory values of the correction 
factor. For such students the simplified experi- 
ment, disregarding the correction altogether, is 
of positive benefit because they obtain from their 
own experiments evidence for the atomic struc- 
ture of electricity, even though the value of the 
electronic charge so derived is affected by a 
systematic error (in practice, up to 15 percent). 
On the other hand, the corresponding evidence 
for the atomic structure of matter (the laws of 
constant and multiple proportions) is so much 
more involved that it would be difficult for 
students to have the satisfaction of doing all the 
experiments on which these laws are based. 


Experiment vs. the Authority of the Ancients 


I cannot refrain from marvelling that Sarsi will persist 
in proving to me, by authorities, that which at any moment 
I can bring to the test of experiment. We examine witnesses 
in things which are doubtful, past, and not permanent, 
but not in those things which are done in our own presence. 
If discussing a difficult problem were like carrying a 
weight, since several horses will carry more sacks of corn 
than one alone will, I would agree that many reasoners 
avail more than one; but discoursing is like coursing, and 
not like carrying, and one barb by himself will run farther 
than a hundred Friesland horses. When Sarsi brings up 
such a multitude of authors, it does not seem to me that 
he in the least degree strengthens his own conclusions, 
but he ennobles the cause of Signor Mario and myself, by 
showing that we reason better than many men of estab- 
lished reputation. If Sarsi insists that I must believe, on 
Suidas’s credit, that the Babylonians cooked eggs by 
swiftly whirling them in a sling, I will believe it; but I 
must say, that the cause of such an effect is very remote 
from that to which it is attributed, and to find the true 
cause I shall reason thus. If an effect does not follow with 
us which followed with others at another time, it is because, 
in our experiment, something is wanting which was the 


cause of the former success; and if one thing is wanting to 
us, that one thing is the true cause. Now we have eggs, 
and slings, and strong men to whirl them, and yet they 
will not become cooked; nay, if they were hot at first 
they more quickly become cold; and since nothing is want- 
ing to us but to be Babylonians, it follows that being 
Babylonians is the true cause why the eggs become cooked, 
and not the friction of the air, which is what I wish to prove. 
Is it possible that in traveling post, Sarsi has never noticed 
what freshness is occasioned on the face by the continual 
change of air? And if he has felt it, will he rather trust the 
relation by others of what was done two thousand years 
ago at Babylon, than what he can at this moment verify 
in his own person? I, at least, will not be so wilfully wrong, 
and so ungrateful to nature and to God, that having been 
gifted with sense and language I should voluntarily set less 
value on such great endowments than on the fallacies of a 
fellow-man, and blindly and blunderingly believe whatever 
I hear, and barter the freedom of my intellect for slavery 
to one as liable to error as myself.—GALILEO GALILEI, JI 
Saggiatore, 1623. Translated by Professor GrorRGIO DE 
SANTILLANA, 





On the Shearing Stress in a Viscous Fluid Across a Surface 
Normal to the Lines of Flow 


G. M. VoLkorFr anp D. S. CarTER* 
University of British Columbia, Vancouver, British Columbia, Canada 


T is well known that in a viscous fluid in a state 
of steady laminar flow there exists a shearing 
stress across any surface which separates two 
adjacent layers of the fluid moving with different 
velocities. In fact, the emphasis laid in many 
standard elementary treatments! of viscosity on 
the connection between the relative slipping of 
adjacent layers and the resultant viscous drag 
tends to leave the beginning student with the im- 
pression that relative slipping is a necessary con- 
dition for a shearing stress between adjacent layers. 
Thus the beginner easily visualizes the shearing 
stress across a cylindrical surface inside, and 
coaxial with a capillary tube through which 
laminar flow of a fluid is taking place; but when 
asked whether any shearing stress exists across an 
element of surface perpendicular to the axis of the 
tube, he is likely to reply: ‘‘No, because this sur- 
face is perpendicular to the lines of flow, and 
hence no relative slipping of fluid on the two 
sides of the surface takes place.’’ When, at a later 
stage, the same student is confronted with the 
general proof that the stress tensor is necessarily 
symmetric and that, therefore, there must be a 
shearing stress across a surface normal to the 
lines of flow wherever there is a shearing stress 
across a surface separating two layers of different 
velocities, he is at a loss to explain this fact in 
terms of his customary ideas. We shall, therefore, 
present an elementary physical picture, based on 
kinetic theory, of the simultaneous existence of 
both kinds of shearing stress. 

The elementary kinetic theory derivation of 
the coefficient of viscosity of a gas, as presented 
in most standard texts,” is carried out by finding 
the time rate of transport of momentum across 
unit area of a surface separating two adjacent gas 
layers which are “‘drifting’”’ in the same direction 
with different speeds; that is, by finding the 


* Holder of a studentship from the National Research 
Council of Canada. Now at Princeton University. 

1G. Joos, Theoretical physics (Blackie and Son, 1934), p. 
202; L. Page, Introduction to theoretical physics (Van 
Nostrand, 1935), p. 257. 

2 See reference 1, G. Joos, p. 535, and L. Page, p. 343. 


shearing stress due to “viscous drag.” In this 
usual treatment no asymmetry in the angular 
distribution of molecular velocities is initially 
assumed in calculating the number of molecules 
crossing a given area, and the existing asymmetry 
is only then taken into account by endowing each 
molecule with an additional small component of 
momentum due to its drift velocity, which is 
assumed to be small compared to the mean speed 
of thermal motion of the gas. Such a procedure 
yields a non-zero answer for the shearing stress 
across a surface parallel to the lines of flow, but 
would give no shearing stress if applied to a sur- 
face normal to the lines of flow. 

In this article we first give a rough qualitative 
argument to show that it is essential to consider 
from the outset the existence of the asymmetry in 
the angular distribution of molecular velocities in 
order to demonstrate the existence of a shearing 
stress across a surface normal to the lines of flow. 
We then formulate our argument quantitatively, 
and set up a general expression for the rate of 
transfer of momentum across any unit area in a 
gas with no limitations on the model used to 
describe the gas. The symmetry of the stress 
tensor will follow from this general expression by 
a purely geometric argument. This is the main 
point of the present paper. Finally, in order to 
show that, insofar as the stress across a surface 
parallel to the lines of flow is concerned, the 
introduction of the asymmetry in the angular 
distribution of molecular velocities by the method 
suggested in this paper leads to the usual answer 
given by the standard methods, we explicitly 
evaluate our general expression as applied to a 
particular frequently used elementary model of a 
gas (e.g., L. Page, ref. 2). In this model all the 
molecules are assumed to move with the same 
speed (equal to the mean thermal speed V of the 
molecules of an actual gas) on which there is 
superposed a small drift velocity u. We shall ob- 
tain the usual expression 7=4p/ V, where 7 is the 
coefficient of viscosity, p is the gas density, and / 
is the mean free path. 
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Fic. 1. Contributions of molecular motions to the shearing 
stresses across xx’ and 22’. 


For the rough qualitative argument consider the four 
points A, B, C, D of Fig. 1. They lie in the xz coordinate 
plane, and are symmetrically situated with respect to the 
x and z axes. The lines xx’ and zz’ represent traces on the xz 
coordinate plane of two small surface elements at the 
origin O which are perpendicular to the z and x axes, re- 
spectively. Consider a gas the molecules of which have a 
small drift velocity (whose magnitude depends on z only) 
in the x direction superposed on their random thermal 
motion, The presence of a drift velocity in the positive 
x direction means that, of the molecules crossing xx’ and 
zz’, fewer arrive from A than from B, and fewer arrive from 
C than from D. This fact is not of decisive importance in 
calculating the shearing stress across the surface repre- 
sented by xx’. This shearing stress is given by the excess of 
the rate at which net momentum in the x direction is 
carried across xx’ by the molecules crossing xx’ from above 
(from points such as A and B), over that due to the mole- 
cules coming from below (from points such as C and D). 
In calculating the net component of momentum in the x 
direction crossing xx’ due to molecules coming from A 
and B, it is immaterial whether we directly adopt the usual 
procedure of saying that equal numbers of molecules come 
from A and from B each carrying the same average excess 
of x-momentum due to the drift velocity, or whether we 
first actually introduce the asymmetry in the number of 
molecules coming from points such as A and B, and then 
wipe out all but the above net effect of the asymmetry by 
pairing off all points such as A and B and integrating over 
the upper half-space. The two procedures give the same 
results because the contributions of the molecules from A 
and B to the transfer of x-momentum across xx’ are 
additive insofar as their drift motion is concerned, and 
subtractive insofar as their thermal motion is concerned. 
The combined net contribution of molecules from C and D 
is subtractive with respect to the combined net contribution 
of molecules from A and B, so that there will be an over-all 
net transfer of x-momentum across xx’ only if there is a 
gradient in the z direction of the drift velocity in the x 
direction. When, however, the transfer of s-momentum 
across 22’ is considered, the z-momentum of each molecule 
is entirely due to the thermal motion of the gas. The con- 
tributions of the molecules coming from A and B to the 
transfer of z-momentum across 22’ are subtractive. If no 
asymmetry in the number of molecules crossing zz’ from 
A and from B were assumed, then the two contributions 
would exactly cancel. The excess in the number of mole- 
cules crossing 22’ from A over that from B is the essential 
feature of the process responsible for the net transfer of 
downward momentum to the right across 22’. Similar con- 
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siderations applied to points C and D show that net 
upward momentum is being transferred to the right across 
zz’. The combined contribution of molecules from A and B 
being opposite to that from C and D, a net transfer of 
z-momentum across 22’ will take place only if there is a 
gradient along the z-direction of the drift velocity in the 
x-direction, which ensures that the asymmetry in the 
numbers of molecules coming from C and D is not so 
pronounced as that due to molecules from A and B, so 
that there will be a net transfer of downward momentum 
to the right across zz’. The above qualitative argument 
may be restated as follows: While no net transport of 
molecules takes place across xx’, there is a net transport of 
x-momentum because the average drift momentum is 
different on the two sides of xx’. In the case of zz’ there is 
no difference in the numbers of molecules having a given 
z component of momentum due to thermal motion on the 
two sides of zz’ but there is a net transport of such molecules 
across zz’ due to the drift motion, and a resultant net 
transfer of z-momentum by such molecules. If all positive 
and negative values of z-momenta are summed there will 
be an over-all net transfer of z-momentum because the 
existence of the drift velocity gradient ensures that a 
greater net transfer of downward momentum will take 
place across 22’ than of upward momentum. 


To formulate the above rough arguments 
quantitatively, choose a point O in the gas which 
lies on a surface across which the stress is to be 
calculated. Choose a rectangular coordinate sys- 
tem with origin at O and such that the unit 
vector k in the z direction is normal to the surface 
at O. Then dS=kdS is an element of the surface 
at O. Let P be a second point in the gas and let r 
be the vector from O to P. If the gas is in a steady 
state, the number of molecules which cross dS in 
the negative direction per unit time with speeds 
between v and v+dyv after having suffered their 
last collision in a volume element dr situated at P 
may be expressed in the form 


F(r, v)drdvdQ, (1) 


where dQ is the solid angle subtended by dS at P, 
and F(r,v) is a function whose form depends 
upon the particular gas model considered. But if 
r, is the unit vector in the direction of r, 


r,:k 
(2) 


and hence the number of molecules crossing unit 
area of our surface in the direction of —k is 


Ti: k 
F(r, v)—d rdv. (3) 
rT 
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But the velocity of each of these molecules is 
effectively —vr,, and therefore the momentum 
they carry across unit area is 


(4) 


Ti -k 
—mvrF(r, v)——drdv, 
r? 


where m is the molecular mass. 

The total number of molecules crossing unit 
area in the negative direction, and the total stress 
exerted by the gas above our surface on that 
below, may be found by integrating Eqs. (3) and 
(4), respectively, over all space and speeds. Thus 
the tangential (shearing) stress in the positive 
x-direction is 


5 1'i)(ti-k 
P.=—m f dr f dvF(r, ye = . (5) 


v2 


Further, the component P,, in the positive z- 
direction of the stress exerted at O by the gas to 
the right of the yz plane on that to the left may 
clearly be obtained from the right hand side of 
Eq. (5) simply by interchanging i and k. But this 
interchange leaves the expression unchanged, so 
that 


Piz=P i. (6) 


Finally, in view of the arbitrary way in which 
both the origin O and the axes of our coordinate 
system may be chosen, Eq. (6) states directly 
that the stress tensor is everywhere symmetric. 
It is clear that if the function F(r, v) depends 
only on the magnitude 7, but not on the direction 
r; of r, i.e., if there is no asymmetry at all in the 
directional distribution of molecular velocities, 
then there is a net transfer neither of molecules 
nor of momentum across any surface. The pres- 
ence of a drift velocity wi which is constant over 
the whole gas introduces enough asymmetry to 
give a net transfer of molecules across a surface 
element in the yz plane. However, since F(r, v) 
remains axially symmetric about i, Eq. (5) still 
gives P.,=P,,=0, because the average value of 
k-r, over all those values of r; for which i-r; (and 
consequently F(r, v)) remains constant, is zero. 


The presence of a gradient of u in the z-direc- 


tion removes the axial symmetry of F(r, v) about 
i, and is responsible for non-vanishing shearing 
stresses P,,=P,,, even though P,, is exerted 
normally to the lines of flow. 


We finally specialize the above results to the 
simple model of a gas in which there is a constant 
number N of molecules per unit volume, and such 
that if the drift velocity were zero, all the mole- 
cules would move with the same speed V and 
with a random distribution over all directions. In 
assuming a drift velocity which varies throughout 
the gas, we mean that an observer moving with 
the drift velocity of a certain point would see 
those molecules which have just collided near 
that point moving as though they were in a 
stationary gas. Thus we assume a drift velocity 
ui where 

u=uUgtcz 


(7) 


such that c is a constant gradient, and u<V for 
all values of z of the order of the mean free path /. 
Let 7, 6, and @ be the polar coordinates of a 
point P in terms of a coordinate system with 
origin at O and polar axis in the direction of i. 
Let v’ and v” be the speeds of a molecule moving 
away from P as seen by a stationary observer and 
by an observer moving with the drift velocity u 
of the gas at P, respectively; and let the direc- 
tions of motion of the molecule in terms of polar 
coordinates with origin at P be denoted by 6’ and 
¢’ for the stationary observer, and by 6” and ¢” 
for the moving observer (see Fig. 2). Then if 
u<v', we find that to the first order in u/v’: 


v’ =v'(1—N’'u/v’), 
N= N+ (A2—1)u/v’, 
¢” =¢’, 


(8a) 
(8b) 
(8c) 
where 


\’=cos@’ and 2’=cosé”. (8d) 


Fic. 2. Relations between a fixed system of axes at O, and 
fixed and moving systems of axes at P. 
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Further, if 7’ and r” are the distances that the 
molecule travels during a certain time, as seen 
by the stationary and the moving observer, re- 
spectively, we have 


er =r'y"/v' =r’ (1—Nu/v’). (9) 


In accordance with approximations made in 
the elementary treatments, the number of mole- 
cules, as seen by the drifting observer, which 
collide per unit volume per unit time at P, leave 
within the solid angle dQ” =d)""do” with a speed 
between v” and v’’+dv”’, and travel a distance r”’ 
without colliding again is taken to be 


— 1§(v'’ — V)dn""do"'dv", 


Ti 


(10) 


where 4(v’’— V) is the Dirac delta-function. But 
this is equal to the corresponding number as seen 
by the stationary observer, where the distance is 
r’, the speed is v’, and the solid angle is dQ’ = d\'d¢’ 
such that 


dn’'d¢"'dv"’ = x 


” ” a 
19 ,v 
, , , 


19,0 


)ando'ar’ (11) 


Evaluating the Jacobian by means of Eqs. (8), we 
find that to the first order in u/v’, the number as 
seen by the stationary observer is 


NV 


—e7"""'§ (0! — V)(1+2n'u/0')dQ'dv’. 


12 
4nl (12) 


For molecules moving toward O, we set 


(13a) 


(13b) 
and 
dQ’ = dQ, (13c) 


where \=cos@ (see Fig. 2). Thus we obtain 


NV 
F(r, v =—en"""1(4 —2du/v)5(v"’ — V), (14) 
4nl 


where, in accordance with Eqs. (8), (9) and (13), 
(15a) 


v=v’—hu 
and 


r=r"(1—dAu/v"). (15b) 


In order to check Eq. (14), we now calculate 
the number y of molecules crossing unit area of 
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the xy plane at O per unit time in the direction of 
i, by substituting ri-(—i)=—A for r.-k and 
dr=r'drddd@ in Eq. (3) and integrating. Since 
it is convenient to integrate over 7’ and v’”’, we 
also make the substitution 


’, A, 9g, v 


drdddodv = J ( ae ‘dddgdv"’. (16) 


r'’,d, , 0 


Evaluating the Jacobian to order u/v with the 
help of Eqs. (7) and (15) and the fact that 
cz/v=~cr" sin@ cos¢/v’’, we find that 


NV rp +1 Qe 
ae oe 
4nl 0 —1 0 
xf avrer"900"—V) 

0 


X (—A)(1—3Auo/v"’ —4Xcr”’ sin8 cosd¢/v"’) 
= Nuo, (17) 


which clearly is the correct expression. 
In order to calculate the shearing stresses 


' P2z.=P,z, we substitute Eq. (14) into Eq. (5) and 


use Eqs. (15a) and (16) to obtain 


Nm V « +1 2 
Pi=Pi2™ — f dr” f dy f do 
4nl Jo " 0 


xf dv"e—""’!" y’5(v'’ — V)d sin®@ cos 
0 


X (1—4Auo/v’’ — 5dcr” sin8 cos¢/v"’) 
=4NmVlc 


=4pVic. (18) 


Thus, in accordance with the general definition of 
the coefficient of viscosity 7: 


P,.=P..=7(0u,/dx+0u,/d2), (19) 


and the fact that for our case u,=0 and du,/dz=c, 
we obtain the customary expression 7=4$p V1. 

We wish to thank Professor F. J. Belinfante for 
several illuminating discussions of this problem. 
The junior author (D.S.C.) wishes to thank the 
National Research Council of Canada for the 
award of a studentship during tenure of which 
the above work was done. 





On the Principle of Carathéodory 
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I 


rE most treatments of thermodynamics the 
Second Law is stated in one or other of the 
original forms resulting from Clausius and 
Thomson. However, Carathéodory, in his axio- 
matic development of thermodynamics, replaced 
the traditional statements of the Second Law by 
what has become known as the Principle of 
Carathéodory. A more widespread knowledge of 
the methods of Carathéodory! seems desirable, 
not least because of their great didactic value. 
Experience shows that they can be understood by 
undergraduates in the second or third year of a 
course in physics. These methods involve, how- 
ever, one mathematical theorem (the Theorem of 
Carathéodory), the usual proofs? of which are 
often so unpalatable to the physicist, that the 
theorem itself may form a serious obstacle to a 
proper understanding of the whole treatment. 
We shall therefore give in a subsequent paper an 
alternative proof of this theorem for the case of 
three variables, which may be found more at- 
tractive than the proof usually offered in text 
books. It is desirable in the development of any 
physical theory that there should be a clear-cut 
division between empirical content and mathe- 
matical method. In the case we are considering, 
once Carthéodory’s Theorem is understood as a 
theorem in pure mathematics, the existence of a 
certain single-valued function of the variables of 
state is at once seen to be an immediate conse- 
quence of the generalized empirical knowledge 
which is contained in the Second Law (in the 
form of Carathéodory’s Principle). In the usual 
treatments, the existence of this function is 
generally proved with the aid of abstract engines 
and cycles—a method which may leave some 
students without much appreciation of what has 
been proved, and without too clear an under- 
standing of the phenomenological meaning of 
entropy. 


1 Carathéodory, Math. Annalen. 67, 355 (1909) and Sits. 
d. Preu. Akad. d. Wiss., p. 39 (1925). 

2 Born, Physikalische Ztschr. 22, 251 (1921) and Chandra- 
sekhar, Stellar Structure (Univ. Chicago Press, 1939), 
Ch. I, p. 21 and Carathéodory, (1909), loc. cit., p. 369. 
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II. The Principle of Carathéodory 


Keeping the preceding remarks in mind, and in 
order to emphasize the close analogy which 
exists between the ‘physical argument’ and the 
‘mathematical argument’ of this treatment we 
propose to deal in this paper with some gen- 
eral considerations concerning the Principle of 
Carathéodory. The latter may be stated as 
follows: 

In the neighborhood of any arbitrary initial 
state J) of a physical system there exist neigh- 
boring states J which are not accessible from Jp 
along adiabatic paths. 

This principle thus takes as a starting point the 
empirical recognition that if two states, Jp and J, 
of a given adiabatically enclosed* thermodynamic 
system be prescribed, and granted (i) that the 
transition from Jo to J is mechanically possible, 
and (ii) that such a transition would not violate 
the demands which the First Law of Thermo- 
dynamics already imposes upon it; then the 
transition from J» to J may nevertheless be im- 
possible, while at the same time the reverse 
transition is possible. We then say that the 
thermodynamic weight of Jy exceeds that of J. 

Let us consider an elementary example. If 
J v—J stands for the phrase ‘the transition of the 
system from the state Jo to the state J,’ let 
Jo(ho, to) be the state of the Joule paddle-wheel 
apparatus, the contents of the calorimeter being 
at temperature ¢), and the mass m at height Jo. 
Let J(h, t) be a second state of the system, where 
t<t) and h>ho, in such a way that the energy 
difference of the contents of the calorimeter, to 
which corresponds the temperature difference 
to—t, is just accounted for by the potential 
energy difference of the mass (=mg(h—ho)) in 
the two states of the system respectively. Then 
we know empirically that Jo(ho, to) —-J(h, t) is 
impossible, notwithstanding the fact that neither 
the First Law, nor the laws of mechanics would 


3 A system is said to be adiabatically enclosed if a state 
of equilibrium of the system can be disturbed only by 
mechanical means, as by shaking, stirring, or the passage of 
electric currents. 
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be violated in this transition; J(h, t)—>Jo(ho, to) 
is, however, possible. 


III. Properties of Systems and 
Single-Valued Functions 


In order to simplify the following considera- 
tions, which are of a fairly general kind, let a 
system K consist of a gas within an envelope,‘ the 
volume occupied by the gas being v, at a pressure 
p. We regard the mechanical variables p and v as 
the independent variables of state, i.e., the quanti- 
ties p and v define the state of the system, and are 
within certain limits variable at will. In a manner 
which we need not consider here, the conditions 
for thermal equilibrium lead us to associate with 
given values of p and v a number ¢, such that two 
such systems K and K’ can be in thermal equi- 
librium if, and only if, the corresponding numbers 
t and ¢’ are equal.® That is, empirical knowledge 
concerning the thermal equilibrium of physical 
systems leads to the definition of a single-valued 
function ¢(p, v) of the variables of state, which 
expresses a new property of the system, viz., the 
property of being, or of not being in thermal 
equilibrium with another system when the two 
are brought into non-adiabatic contact. Any 
other such definitive property,® often expressed in 
the form of a natural law, may similarly be ex- 
pected to lead to the attachment of a certain 
number to every given state, i.e., to the definition 
of a new single-valued function of the variables of 
state associated with the system, which expresses 
this property. The First Law of Thermodynamics 
is an excellent example; it generalizes the result 
of a very great number of experiments in the 
statement that the mechanical work W done by a 
system in any adiabatic transition between two 
given states depends upon these states alone, not on 
the manner of transition. The definition of a new 
single-valued function of the variables of state, 
the energy U of the system, is an immediate 
consequence of this statement. The term ‘quantity 
of heat’ (Q) then appears merely as an abbrevia- 
tion for the difference between the actual work 


4 The envelope is not to be regarded as forming a part of 
the system. 

5 The apparent existence of more than one value of ¢ for 
given p and , e.g., water near 4°C, would show the incor- 
rectness of the assumption that , 2 constituted a sufficient 
set of independent variables of state. 

6 A property of this type evidently cannot depend on the 
previous history of the system. 
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done in a given non-adiabatic transition and the 
change in the value of the energy function which 
occurs in it. Thus if Uo, U are the values of the 
energy in the initial and final states respectively, 
then 


Q=(U—U,)+ W. (1) 


IV. The Existence of the Entropy Function 


After the preliminary observations of the 
preceding section we return to the consideration 
of Carathéodory’s Principle. As we have seen, the 
latter expresses a definitive property of the sys- 
tem, viz., the property that, when adiabatically 
isolated, the possibility or impossibility of Jo—J 
depends upon Jo and J alone, subject to certain 
other well-defined conditions being already satis- 
fied. Accordingly we may expect the principle to 
lead to a new single-valued function of the 
variables of state S,? such that S is a measure of 
the thermodynamic weight of the state J. We call 
S the entropy of the system. It follows at once, 
the sign of S being suitably chosen, that Jop—J is 
possible if S2 So, and impossible if S<.So; for the 
condition of accessibility cannot be expressed in 
any essentially different way in terms of a pair of 
numbers which must enter into the relations 
quasi-symmetrically. Moreover, let S>So; then 
Jo—J is possible. But having effected Jo—J, 
J—J > is now impossible, for now S(final) < S(ini- 
tial). That is, Jo—J is irreversible. Clearly Jo J 
is reversible only if So=S. The last results may 
be summed up as follows: 

A transition of an adiabatically enclosed sys- 
tem is impossible, possible reversibly, or possible 
irreversibly according as the entropy of the initial 
state is greater than, equal to, or less than that 
of the final state. 

This at once gives rise to the corollary that in 
any adiabatic transition of a system the entropy 
can never decrease. This is the so-called Principle 
of Increase of Entropy, which shows that unlike 
mass, energy, charge etc. entropy obeys a one- 
sided conservation law. 

We shall not pursue the physical consequences 


7 It is conceivable that it could define more than one new 
function determining the mutual accessibility of different 
states, but it is difficult to see how this could come about on 
the basis of a law of the type under consideration. However, 
it appears that ultimately we must rely upon the confirma- 
tion obtained from a mathematical treatment of the 
problem. 
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of the Principle of Carathéodory beyond this 
point ; for the elucidation of the phenomenological 
meaning of entropy as ‘transition potential’ has 
been dealt with at sufficient length for our 
purpose. 


V. Plausibility Arguments Based on 
Carathéodory’s Principle 


Finally we examine briefly how the considera- 
tions above indicate to us how to begin the 
mathematical formulation of the consequences of 
Carathéodory’s Principle. To do this it is suffi- 
cient to consider a system ZL with three inde- 
pendent variables of state (such as the two 
aforementioned systems K and K’ in thermal 
equilibrium), which we take to be v, v’ and the 
common temperature t. Now Carathéodory’s 
Principle speaks of arbitrary adiabatic transitions. 
It applies therefore a fortiori to quasi-static® 
adiabatic transitions. During an infinitesimal 
part of it the work done by L is pdv+ p’dv’ ; and 
since the transition is adiabatic this work must, 
in virtue of the definition of energy, be equal to 
the change dU in the energy U(v, v’, ¢) of L, i.e., 


(8U/dv+p)dv+ (dU/dv’ 
+ p')dv'+ (aU/at)dt=0. (2) 


Thus the quasi-static adiabatic transitions of L 
are subject to a condition of the form 


dQ= P(x, y, 2)dx+Q(x, y, 2)dy 
+R(x, y, 2)dz=0, (3) 
where P, Q, R are certain functions® of the inde- 


8 A tansition of a system L is said to be quasi-static if, in 
the course of it, Z passes through a continuous series of 
states of equilibrium. This is equivalent to a reversible 
transition, which necessarily proceeds at an infinitesimal 
rate. 

® Equation (3) preserves its form under any substitution 
of independent variables. Thus, if the set x, y, s be given as 
functions of the new set x’, y’, s’, then the equation becomes 

P'dx' +Q'dy’ +R’'dz'=0, ‘where P’ (x’, y’, 2')=Pdx/dx’ 

+ Qdy/dx’+ Rdz/dx', etc. Note that the Q here has nothing 
to do with the sy mbol for quantity of heat. 


pendent variables x, y, z. Interpreting the latter 
as right angled Cartesian coordinates of a ‘picture 
space’ A, every state of equilibrium of LZ is 
represented by a point in A. By definition a 
quasi-static transition must therefore be repre- 
sented by a continuous curve C in A. If the 
transition is also adiabatic, C is restricted by 
Eq. (3). In other words: The ‘quasi-static adia- 
batics’ of LZ are the solution curves of the 
differential Eq. (3). 

But in Sec. IV we tentatively accepted the ex- 
istence of a certain function S, and we saw that 
it remains constant in a quasi-static adiabatic 
transition. That is, as a consequence of the 
Second Law there exists a function S such that 
the equation 


Pdx+Qdy+Rdz=0 (4) 
implies 


dS=0, (5) 


and which has the properties described in Sec. IV. 
Hence if we are on the right track we may expect . 
that there exists another function w(x, y, 2), such 
that!° 


Pdx+Qdy+Rdz=odS. (6) 


We have arrived at the tentative Eqs. (5) and 
(6) by means of a direct physical ‘plausibility 
argument’ based on Carathéodory’s Principle. 
These equations may now be put on a rigorous 
basis through an application of the Theorem of 
Carathéodory, the statement, and a new proof of 
which will form the substance of another paper," 
in accordance with our original intention of 
delimiting the mathematical core of the conse- 
quences of the Second Law. 


10For quite unrestricted P,Q, R this is, in general, 
impossible; in fact, the ‘condition of integrability,’ 
P(8Q/az—aR/dy)+0(0R/dx—AP /dz)+R(aP/dy—8Q/dx) 
=0, must be satisfied. See Forsyth, Differential equations 
(Macmillan, 3rd ed. 1903), pp. 282- 284. 

1 Buchdahl, see article in this issue. 


I should like to mention one case where the artist—quite unknowingly—has been able to provide 
valuable data for science. The clay from which the Greek potter made his beautiful vases more than 
2000 years ago always contained some magnetic oxide of iron. At a certain stage of the cooling, 
after firing, the iron particles are very susceptible to the action of magnetic forces, and orient them- 
selves in the direction of the earth’s magnetic field. The direction of this magnetization was fixed 
permanently when the vase cooled and since we know the vase must have been always in a vertical 
position during the firing, the scientific man can find the direction of this magnetization and thus 
fix the inclination or ‘dip’ of the earth’s magnetic field at the time and for the place where the vase 
was made. By this curious observation we have been able to extend our knowledge of the secular 
variations in the earth's magnetic field to a remote epoch more than 2000 years before the importance 
of such measurements was recognized.—E. RUTHERFORD (1932). 
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HE Second Law of Thermodynamics in the 
form of the Principle of Carathéodory states 
that if we consider different states of a given 
physical system then in the neighborhood of any 
arbitrary state Jp there are states J which are not 
accessible from Jo along adiabatic paths. This 
principle was considered by the author in another 
paper! from a physical standpoint. References to 
it will be denoted by the symbol P. As announced 
there, we now propose to give a straightforward 
analytical proof of the Theorem of Carathéodory.? 
This is most easily stated in terms of a picture 
space A, with rectangular coordinates x, y, 2, of 
which a certain finite region D is contemplated. 
The theorem then takes the form: 
In the neighborhood of any arbitrary point G» 
there are points G which are not accessible from 
G, along solution curves of the equation 


P(x, y, z)dx+ Q(x, y, z)dy+R(x, y, z)dz=0, (1) 


if, and only if, the equation is integrable. 
The equation is called integrable if it is equiva- 
lent to a single finite algebraic relation 


F(x, y, 2) =const., (2) 


that is, if there exist functions A(x, y, 2), F(x, y, 2) 
such that?® 


Pdx+Qdy+Rdz=dF. (3) 


The theorem, whose close verbal resemblance 
to the principle should be noted, allows of an 
immediate rigourous mathematical formulation 
of the consequences of the Second Law. For in 
terms of the picture space A the quasi-static 
adiabatics of a system L with three independent 
variables of state are the solution curves of a 
differential equation of just the form of Eq. (1), 


1 Buchdahl, see article in this issue. 

2 We restrict the theorem to the case of an equation in 
three variables. 

3 If P, Q, Rare quite unrestricted such functions do not 
in general exist. In fact, they exist only if the ‘condition of 
integrability,’ viz., P(@Q/az—dR/dy) + Q(dR/dx —dP/dz) 
+R(dP/dy —9Q/dx) =0, is satisfied identically. 


(cf. P, Sec. V). And if we consider quasi-static 
transitions of L the stated principle asserts in 
particular: in the neighborhood of any arbitrary 
point Go there are points G which are not ac- 
cessible from Gp along solution curves of Eq. (1). 
The theorem then immediately provides us with 
Eq. (3) : and this has already the form of Eq. P (7). 
We return to these considerations briefly in 
Sec. IV of this paper. 


II. Change of Variables 


It is not difficult to see that the solution of 
Eg. (1) is a set of curves; for the equation merely 
prescribes that at any point G a certain line 
element with components dx, dy, dz shall be per- 
pendicular to the given vectok with components 
P,Q, Rat G. Hence any curve which is such that 
the tangent to it at any point is perpendicular to 
the vector (P, Q, R) at that point is a solution 
curve of Eq. (1). 

To proceed with the proof of the theorem it is 
convenient to carry out a certain change of 
variables, for which purpose we determine a pair 
of functions u(x, y, 2), u(x, y, 2), such that 


P=(1/n)(du/dx), 
Q=(1/u)(du/dy). 


Such functions can always be found. Thus u is a 
solution of the differential equation 


Q(du/dx) —P(du/dy) =0, (5) 


in which z is regarded as a constant. Writing 


(4) 


uR—(du/dz) =Z, (6) 
Eq. (1) takes the form 
du+Zdz=0. (7) 


It is assumed that in the range D the quantities 
P, Q, R and yp are such that u and Z are single- 
valued, finite and continuous functions of x, y, 2 
and possess finite and continuous first partial 


4See also the excellent discussion of A. R. Forsyth, 
oo equations (MacMillan, 6th ed., 1943), pp. 


4d 
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differential coefficients with respect to x, y, 2. In 
place of x, y, swe now adopt u, y, z as independent 


variables, (physically: change of variables of 
state!) ; hence 


Z=Z(u, y, 2). (8) 


Corresponding to this change of variables we 
now use a picture space A’ with rectangular 
coordinates u, y, z. In accordance with the as- 
sumptions just made there will be a reversible 
one-to-one correspondence between the points in 
the range D of A and the points in the corre- 
sponding range D’ of A’, and moreover it suffices 
to prove the theorem for the case of Eq. (7). 


III. Proof of Carathéodory’s Theorem 


If Ho(uo, Yo, 0) is the point in D’ which corre- 
sponds to an arbitrary point Gp in D, consider 
how the passage along a solution curve of Eq. (7) 
from Hp to a neighboring point H may actually 
be effected. 


(i) First, pass in the plane u = uo from Ho to the point Mi. 
Since, by Eq. (7), s=const.=2zo, the coordinates of H are 
(uo, V1, 20), (9) 
where y: may be chosen at will within D’, (—o#& (yi— yo) 
€o', say; o, o’>0). 
(ii) Next, pass in the plane y=y from Hi; to the 
point Hz. Equation (7) now reads 
du+Z(u, y1, z)dz=0, 
the solution of which may be written 
u =q(z, 1), 
where the constant of integration is so chosen that 
q(Zo, Yi) = Uo. 
Hence the coordinates of Hz are 
q(2e, ¥1), V1, 22, 
where z2 may be chosen at will within D’. 
(iii) Finally, pass in the plane z=z2 from He to the 
point H, which will have the coordinates 
q(22, Y1), 3, 22, 
where yz may be chosen at will within D’. 


(10) 
(11) 
(12) 


(13) 


(14) 


Now q(2, y1) is a finite and continuous function 
of z, v1; moreover, 0g/041 is finite and continuous 
in D’.® Consider the equation 


dq/dyi=0. (15) 


Two possibilities arise: either Eq. (15) is satisfied 
identically everywhere in D’ or it is not. In the 
latter case, remembering that Eq. (7), and, there- 


$ Kamke, Differentialgleichungen (Becker, Erler; Leipzig 
1943, 2nd ed.), p. 35. 


fore Eq. (1), are then not integrable, we choose 
Ho such that 


(0g/8¥1)u1=v0 0. (16) 


Then—keeping the continuity conditions in mind 
—there exist positive numbers ¢;, €2 such that for 
any 22, (Z9—€1:<22<20+e1), we can determine 
v1, (Yo-—o <1 <yoto’), so that g(z2, y1) takes on 
any prescribed value lying between the limits 
Uy — €2, Uo +€2. Hence if, for some positive number 
€3, we take 


Yo—€s <3 Sores, 


we see at once that certainly all points H lying in 
the range 


—€2<u— Uy See 
—€3Sy— Yo Ses 
—e<2—-—2<e1 


(17) 


are accessible from Hp along solution curves of 
Eq. (7), in the manner specified in Sec. III, 
while €1, €2, €; must, of course, be such that the 
various points considered above lie in D’. 

From the last result it follows immediately that 
under the conditions stated there are in general 
inaccessible points in the neighborhood of any 
arbitrarily chosen initial point only if Eq. (15) is 
satisfied identically in D’. In that case g and 
therefore Z are independent of yi, that is, of y; 
and Eq. (7) isobviously integrable. Consequently, 
Eq. (1) is integrable; so that, by Eq. (2), all solu- 
tion curves passing through Gp lie in the surface 


(18) 


for at any point a small displacement must, as we 
have seen, take place perpendicularly to P, Q, R, 
i.e., perpendicularly to the normal to the surface 
at the point. Accordingly, all points G in the 
neighborhood of Gy which do not lie on the 
integral surface of Eq. (18) are inaccessible from 
Gy along solution curves of Eq. (1); and hence the 
theorem is proved. 


F(x, y; 2) = F(xo, Voy Zo), 


IV. Absolute Temperature and Entropy 


We have now established firmly that for quasi- 
static transitions of the system L 


dQ=)F, (19) 


where \ and F are functions of the variables of 
state, [cf. Eqs. (3) and P(4)]. The paper of 
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Born® may be consulted for a simple demonstra- 


tion that Eq. (19) may be written in the usual 
form 


dQ=Tds, (20) 


where 7(¢) is a universal function’ of the thermo- 
metric temperature ¢ of L: 


dlogT(t) od logy 


(21) 
dt at 


6 Born, Physikalische Ztschr. 22, 282-286 (1921). 
7 Universal in the sense that, if L’ is another system in 
equilibrium with L, then d logd’/dt=9 logd/dt, where X’ is 
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while 


S= f 6(F)dF, (22) 


where ®(F) is some function of F. In the same 
paper it is shown that S then indeed possesses all 
the properties which we expect it to have on the 
basis of the discussion of P, Sec. IV; and the 
question of the practical determination of the 
various functions introduced is briefly considered. 


the ‘integrating denominator’ of dQ’, primed and unprimed 
quantities referring to L’ and L respectively. (Note that ¢ is 
the same for both systems.) 
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NOTES AND DISCUSSION 


A Simulated Electric Line 


REGINALD T. HARLING 
St. Lawrence University, Canton, New York 


SIMULATED line is made at very little cost from a 

few resistors and condensers. It seems to give added 
interest to measurements of resistance and capacity in an 
elementary or intermediate electricity laboratory. 

Three resistors R:, Re, and R3, are connected in series as 
shown in Fig. 1 to form one side AB of the line; and three 
others, Ry, Rs, and Re, form the side CD. Binding post G 
represents a ground connection. Condensers Ci, C2, Cs, 
and C,, represent the capacitance of the line. The resistors 
and condensers may have any values chosen so that the 
resistances and capacitances are easily measurable with 
simple apparatus. Switches numbered 1 to 10 are connected 
as shown. 

The apparatus is first given to the student with switches 
1, 2, 3, and 4 closed and the others apen, representing the 
line in good condition. The student is told to measure (i) the 
resistance between A and C with BD shorted and (ii) 
the capacity between A and C. 

By manipulating the switches, the instructor then pro- 
duces the effect of either (a) a complete break in the line, 
at any one of four places, (b) a grounded line at any one 


Fic. 1. A simulated electrical line. 


of four places, or (c) a “‘cross” in the line at either of two 
places. The student is asked first to find which of these 
three types of fault is present. For this purpose he uses 
either an ohmmeter, or a dry cell in series with a volt- 
meter or a flash lamp. He is then told to assume that the 
line is fifty miles long from AC to BD, and by making 
resistance or capacitance measurements, he finds the 
distance of the fault from one end. 

It has been found that the experiment arouses much 
more interest than a similar one in which the object is 
merely the measurement of a resistance or a capacitance 
for no apparent reason other than the practice involved. 
In particular, considerable useful discussion arises con- 
cerning methods of making measurements which are within 
the scope of the equipment on the bench in its present form, 
but are not possible in the practical case in which only one 
end of the line is accessible. 


Letters to the Editor 


HE Editor invites correspondence concerning the 

subject matter of articles published in the American 
Journal of Physics and concerning other topics of current 
interest in the teaching of physics. Prompt publication in 
the Notes and Discussion section of a limited number of 
communications is assured, but no proof can be sent to 
authors. Letters should not exceed 500 words in length. 
They should be addressed to The Editor, American Journal 
of Physics, Michigan State College, East Lansing, Michi- 
gan. 
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RECENT MEETINGS 


New England Section, American Physical Society 


The regular fall meeting of the New England Section of 
the American Physical Society was held at Bowdoin 
College, Brunswick, Maine, on October 23, 1948. Fifty- 
two members of the section registered. K. T. Bainbridge, 
Chairman of the Section, addressed the meeting upon 
the subject “Isotopic Weights.”” The program included 
four contributed papers and a Symposium on Low Tem- 
perature Physics. Luncheon was served to members and 
guests at the Moulton Union. A brief business meeting 
was held at the close of the morning session. At the business 
meeting, the following officers were elected for 1949: 
Chairman, MILDRED ALLEN, Mount Holyoke College; Vice- 
Chairman, R. D. Evans, Massachusetts Institute of Tech- 
nology; Secretary-Treasurer, G. F. Huy, Jr., Dartmouth 
College; Program Committee, J. C. StREET, Harvard Uni- 
versity, and T. SOLLER, Amherst College. The program was 
as follows. 


Isotopic weights. K. T. BAINBRIDGE, Harvard University. 


—— science for students of the liberal arts. J. J. G. MCCuE, Smith 
college. 


Precise measurements of the molar refraction of carbon dioxide and 
its variation with density. Vicror H. CorFIn and CLARENCE E. 
BENNETT, University of Maine. 


A method of measurement of small periodic displacements and its 
application to determining the piezoelectric constants of potassium 
dihydrogen arsenate. THADDEUS NIEMIEC, Wesleyan University. 


Fringing field corrections for magnetic sector lenses and prisms. 
K. T. BAINBRIDGE, Harvard University. 


Symposium on Low Temperature Physics 


Fluid properties of liquid helium. A. D. MIsENER, University of Toronto. 


The helium three isotope at liquid helium temperature. H. A. FAIRBANK, 
Yale University. 


The surface resistance of superconductors at microwave frequencies. 
W. M. FAIRBANK, Amherst College. 


Abstracts of the ten-minute contributed papers will 
appear in the Physical Review. 


Gorpon F. HUuLt, Jr. 
Secretary-Treasurer 


DIGEST OF PERIODICAL LITERATURE 


Attitude and Education 


The prime purpose of education is to inculcate healthy 
attitudes. This cannot be done any better by the humanist 
than by the scientist. Indeed, the choice of subjects has 
little to do with it. Science does not need any more, or 
less, humanizing than does, say, archeology or etymology. 
In any case, a right attitude toward life must be acquired, 
and this can be accomplished mainly through our teachers. 
Several experiences as a student are cited by the author as 
evidence that science (and the humanities) can teach 
more than just facts. One example is that of the college 
algebra teacher who spent the entire first meeting of the 
course in writing an infinite series on and on across the 
blackboard. After commenting that the series could be 
expanded to the outermost reaches of interstellar space, he 
said as the bell rang, ‘‘Come back Thursday and I'll tell 
you the secret of adding all these terms.”’ The concept of 
entropy, for example, is one over which the teacher can 
romanticize. It can be presented, as can other aspects of 
science, in a manner which promotes an attitude of 
humility and awe. We must recognize not only the scholar- 
ship of our teachers but their inspirational teaching as 
well. They must acquire honor and respect as they make 
detail subservient to principle, and as they inspire in their 
pupils attitudes of humility, of good will and of readiness 
to observe beauty wherever it may be found. W. B. 
WIEGAND, J. Chem. Educ. 25, 362-364 (1948).—R. T. L. 


The Glycerol Vapor Vacuum Pump 


The efficiency of a vapor pump in various pressure 
ranges is determined mainly by the vapor pressure of the 


pump liquid as a function of temperature. Glycerol at 
normal temperature has a lower vapor pressure than 
mercury, and at higher temperatures a higher vapor pres- 
sure than most commonly used pump oils. The efficient 
working range of the glycerol vapor pump is therefore 
wider than that of oil vapor pumps, and they work more 
efficiently than mercury vapor pumps in the lowest pressure 
ranges. Glycerol pumps have been tested in continuous 
use over a long period of time. 

Since the first tests, the glycerol vapor pump has passed 
the experimental stage and has proved its value in prac- 
tical applications. Two large glycerol vapor pumps with a 
maximum pumping speed of 1600 1/sec have been in use 
for more than a year in a continuous process of metal 
evaporation in which large quantities of paper or Cello- 
phane have been coated with aluminum. The pumps have 
been in operation continuously day and night while a 
pressure of a few times 10-? mm of mercury Was main- 
tained in a vacuum system of about 10 m? capacity. At 
this pressure, the rate at which gases and vapors were 
generated during the process and removed by the pumps 
was of the order of 1500 1/sec. These gases consisted 
mainly of nitrogen, water vapor and hydrogen. The pumps 
worked under these conditions satisfactorily, and the 
original filling of glycerol was not changed for a whole 
year. Some glycerol escaped, however, through the backing 
line, and it was therefore necessary to replace the loss 
after every three months of continuous working. 

Glycerol vacuum pumps have also been found suitable 
for operations in the lowest range of pressures. For this pur- 
pose, a very efficient small glass pump has been developed. 
PauL ALEXANDER, J. Sci. Inst. 25, 313 (1948).—P. A. 
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DIGEST OF PERIODICAL LITERATURE 


Biological and Psychological Effects 
of Ultrasonics 


Ultrasonic and also sonic waves of high intensity may 
produce discomfort and even injury, the effects being 
different at different frequencies. At very low frequencies 
we find total acceleration, known to aviators as “g.’’ This 
acceleration is clearly felt as a pressure that forces the 
aviator down into his seat and causes the familiar sensa- 
tions at the bottom of a roller coaster dip. Severe pro- 
longing of ‘‘g” causes “blackout.” At slightly higher fre- 
quencies, motion sickness occurs. The organs of equilibrium 
in the inner ear are involved and visual effects may 
contribute. 

Still higher in the frequency scale, ordinary vibrations, 
when severe, can be annoying, can impair precision of 
movement, and can cause serious fatigue. Near the middle 
of the audible spectrum occurs the resonant frequency of 
the eyeballs, and in this region, therefore, blurring of 
vision is likely to be greatest. 

In the ultrasonic range, heat effects appear to be the most 
significant. The very efficient absorption of energy at 
these frequencies by fur is one reason for their importance. 
There are also possible dangers to large animals in the 
ultrasonic region by effects of the same type as cause 
homogenization of milk, killing of bacteria, and aging of 
whiskey, but the consequences have not yet been ade- 
quately assessed. It may be that man is satisfactorily pro- 
tected from any such effects of airborne ultrasonics by 
effective reflection from his skin. 

The danger from intense vibration or sound may be 
injury to a sense organ, particularly to the ear. This may 
not be as serious as total bodily danger, such as over- 
heating. Small animals may be literally cooked to death by 
high intensity ultrasonics. 

The author suggests and recommends that discomfort 
and danger levels should be established for the protection 
of personnel working in high intensity sonic or ultrasonic 
fields. He suggests that the Ultrasonics Panel of the Aero- 
nautical Board be made a clearing house for the recording 
of all biological and psychological effects. HALLOWELL 
Davis, J. Acous. Soc. Am. 20, 605 (1948).—T. H. O. 


The Place of Mathematics in General Education 


It is recognized that there is a great difference between 
the educational potentials of a subject like mathematics 
and the realization of these potentials. They cannot be 
achieved if the subject is taught in such a way that 
students merely memorize proofs. At some stage in an 
individual’s education, the question must be answered, 
“What mathematics should be taught, and how?” Properly 
speaking, there is no one correct answer but many, because 
human society is not static. What is best suited for one 
time and place is not for another. 

A common difficulty in high schools is to decide how 
much mathematics should be required of students intending 
to go to college, and how much of students not intending 
to go. The answer, in a form flexible enough to meet 


individual needs, can be given only if there is more coopera- 
tion between mathematicians and educators. 

There is a considerable amount of evidence to show that 
it is the student of superior ability rather than the one of 
limited scholarship who is being seriously neglected in 
many of our public schools and colleges. To take care of 
superior students, at least two problems must be solved. 
One is budgetary. The other involves techniques of select- 
ing superior students from the masses. At the University 
of North Carolina, and in many other institutions, place- 
ment tests are used to sectionize students according to 
ability in mathematics. They have been found to be very 
effective. It has also been discovered that students selected 
solely on the basis of superior grades in a 40-minute mathe- 
matics test do distinctly superior work in all other subjects 
as well. 

What kind of mathematics should be taught in high 
schools cannot be determined apart from the problem of 
individual differences. Throwing a lot of different topics 
together in a book does not automatically make that book 
broadening and a fit instrument for general educational 
purposes. Work and thought on the part of both author 
and teacher are required to produce a really satisfactory 
course. Some students, it is generally recognized, never 
proceed beyond the particular and the concrete. They 
cannot learn to generalize and to abstract even in a limited 
way. It is therefore necessary to make a decision as to 
when and how the generalizations and abstractions that 
may be considered characteristic of mathematical thought 
should be begun. This decision, however, can be made 
only on the basis of experience, just as it is virtually im- 
possible to determine without actual trial in the classroom 
whether a particular book or a particular method of 
presentation will be successful. EDwarpD A. CAMERON, The 
Mathematics Teacher 41, 274 (1948).—T. H. O. 


Engineering Education—Plus 


The general aim of our engineering schools has been 
to fit the student to fulfill acceptably the technical require- 
ments of his calling. The formal process for the education 
of the student engineer has undergone numerous revisions 
through the more than one hundred years during which 
engineering education has been under way in the United 
States. The United States Miliary Academy was, at first, 
not merely a school to educate men for the career of army 
officers; it was also a college to supply the young nation’s 
needs for technically trained men, particularly in the field 
of civil engineering. Later, as a result of expanding in- 
dustrial plants and the coming of railroads, some of our 
best-known schools, Rensselaer, Cornell and 
others, came into being. 

In reviewing the beginnings of the curricula in these 
early schools, we find on the one hand an avowed need for 
those types of instruction which are loosely termed 
“‘broadening”’ and, on the other hand, a singular disregard 
for the fulfillment of the stated objective. Unreceptive 
public attitude to the “‘frills’’ represented by nonvocational 
studies and lack of adequate perspective in the faculties 
themselves limited, for a time, attainment of better balance 


Stevens, 
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between technical subject matter and the arts and humani- 
ties. In 1855, B. F. Greene published, in his report as 
Director of the Rensselaer Polytechnic Institute, a state- 
ment: “Of the exceptions, it may be remarked that, in 
respect to a part—Literature and Philosophy—provisions 
for regular instruction have been made, but the pressure 
of the more essential parts of the course has hitherto 
prevented more than a partial—not proportional—develop- 
ment of these subjects.’’ Two years later Jefferson Davis 
made the report to President Buchanan that graduates of 
West Point who were scholars of the first rank in exact 
sciences were “below mediocrity in polite literature.” 

In the earliest curricula required for ‘‘Mechanical Arts” 
(Engineering) at Cornell the studies embraced considerable 
amounts of mathematics, literature, languages, philosophy 
and history. To these were added lectures by distinguished 
nonresident professors, among these Louis Agassiz, James 
Hall, James Russell Lowell and Theodore W. Dwight. 
Nurtured on such fare, it is small wonder that Cornellians 
took prominent places in the early “‘Who’s Who” of 
American engineering. Through the years the national 
trend toward inclusion of arts and humanities in the 
engineering curriculum has both risen and fallen. Today, 
emphasis on the social studies as desirable adjuncts to 
the education of an engineer is increasing. Obviously, any 
program which seeks to combine social and technical 
studies requires complete cooperation between the colleges 
of engineering and the sister colleges of arts, business and 
law. Mere fluff dished up as ‘“‘broadening’’ cannot long 
hold the attention of discriminating students. Employers 
of engineering graduates are displaying increasing interest 
in the education of nonvocational type, provided it will 
activate an interest in and understanding of human values. 
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Quite aside from the attempt to broaden the social out- 
look of the student is the attempt to inculcate in him an 
increased realization of the professional status of engi- 
neering. Many schools have undertaken program revision 
to emphasize the meaning and significance of the pro- 
fessional relation. Three requirements upon this program 
have been set in an address by Dr. Robert E. Doherty: 
First, a new philosophy and a new outlook which will 
comprehend the human and social as well as the technical 
problems; second, a way of thought which faces a problem 
involving human and social elements as a whole problem 
and not merely a technical problem; third, development of 
the student’s ability to learn from experience so that in the 
future he can continue to expand his fundamental knowl- 
edge, deepen his understanding and improve his power as 
professional man or women and as citizen. 

With the fundamental elements of an engineering educa- 
tion, i.e., science, technology, professionalism and social 
conscience well established in reasonable proportions, there 
remains a plus value which the engineering educator may 
impart by his personal behavior and attitude. This re- 
sponsibility is to implant in every engineering student a 
respect for and a desire to possess an “‘unpledged allegiance 
to honor.” The need of youth is for sane guidance toward 
the rewards of honest work, charity of viewpoint, tolerance 
untainted with complacency, a dedication to service—all of 
those attributes of good citizenship which can be taught by 
precept and example. The test of the performance of 
educators of engineers will be the measure of their service 
to mankind.—Presidential address by C. E. MacQuigg at 
the Austin meeting, American Society for Engineering 


Education, June 15, 1948. J. Eng. Educ. 39, 11 (1948).— 
B..H..D. 
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The Upper Atmosphere 


During the past decade interest in the upper atmosphere 
has been rapidly mounting for many reasons. For the first 
time in history some scientists,are able to carry on direct 
exploration of the higher atmosphere. The V-2 and similar 
rockets, which reach heights in excess of 100 miles, have 
carried a wide assortment of instruments for measuring 
physical conditions in the tenuous air at high levels. 

The structure of the upper atmosphere is highly com- 
plicated. Scientists have recognized the existence of a 
number of specific layers, but the composition and nature 
of these layers change from minute to minute, from season 
to season, and even from year to year. One of the most 
significant of these layers, at least from the standpoint of 
meteorology, is a region that contains a very appreciable 
amount of ozone. A molecule of ozone, which consists of 


three atoms of oxygen bound together by chemical forces, 
strongly absorbs the ultraviolet radiation from the sun. 
In addition, it cuts out large slices from the solat infra-red. 
The total energy cut out by the ozone layer tends to heat 
the surrounding volume of gas. Thus, the layer of maximum 
ozone content is warmer than any of the regions immedi- 
ately above or below. 

The amount of ozone tends to vary with the season and 
with solar activity. We are still relatively ignorant con- 
cerning the precise character of the equilibria of the ozone 
layer. Nor do we know what role the ozone plays in the 
over-all problem of atmospheric circulation. Perhaps 
studies of the ozone layer will contribute to the solution of 
the problem of long-range weather forecasting. Certainly 
the layer acts like a blanket, sending radiation that warms 
the earth. 

Well above the ozone layer lies the ionosphere, which 
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consists of several layers of electrified gas. Ultraviolet 
radiation from the sun is again responsible for the electrifi- 
cation. The high-energy radiation pulls electrons away 
from atoms and molecules in the region. Presumably, each 
individual ionospheric layer arises from some given chemi- 
cal constituent of the atmosphere. The lowest layer of the 
ionosphere, known as the E layer, probably comes from 
the ionization of the oxygen molecule. The two other main 
layers, the F; and F2, probably arise from ionization of the 
oxygen atom and the nitrogen molecule, respectively. 
Scientists have recently suspected the existence of a still 
higher layer, the G layer, the existence of which is tenta- 
tively attributed to ionization of nitrogen atoms. 

The density of electrification in the various ionospheric 
layers changes diurnally, seasonally, and annually. Super- 
posed on the more or less regular variations are the 
disturbances, frequently sudden, caused by solar activity. 
Knowledge of the nature of the ionospheric layers is 
extremely important for practical reasons. The ionosphere 
reflects radio waves around the surface of the earth, making 
possible long-distance radio communication. Advance 
knowledge of the occurrence of disturbances is important 
for the planning of communication schedules, especially 
since some frequencies are more affected than others by 
the disturbances. 

There are numerous other phenomena of the upper 
atmosphere which are closely related to solar activity. 
Among these are the problems of the aurora polaris and 
of the continuous auroral glow that keeps even the darkest 
of skies from being perfectly black. These illuminations 
derive their energy directly from the sun, either from con- 
verted ultraviolet radiation or, possibly, from high speed 
particles ejected from active solar areas. 

Thus, the sun becomes an important factor in the under- 
standing of physical conditions in the upper atmosphere. 
Observations indicate that the 1?-year sunspot cycle has 
associated a variability of many solar features other than 
spots. These include changes in the activity of prominence 
explosions, the form and intensity of the solar corona, and 
—what is perhaps most important from the terrestrial 
point of view—a marked change in the amount of emitted 
ultraviolet radiation. New solar programs, to develop im- 
proved indices of solar activity, are already under way. 
These studies should provide information of great benefit 
to students of atmospheric problems. 

Cosmic rays are another interesting and important 
phenomenon of the upper atmosphere. The origin and 
precise character of these radiations is not yet completely 
known. They appear to consist primarily of highly energetic 
particles, coming in from outer space. Thus, in a sense, 
they are not phenomena of the upper atmosphere. How- 
ever, the scientists observe them most effectively in that 
region, and we have the best chance of observing them in 
their original state at the highest levels. As the rays 
descend, the filtering action of air molecules changes the 
characteristics of the powerful primary rays into secondary 
particles of lesser energy. 


NEW MEMBERS 


Cosmic rays possess sufficient energy to disrupt atomic 
nuclei. Thus, scientists consider them one of the primary 
tools for the study of nuclear forces and reactions. The 
short-lived mesons, whose masses are intermediate between 
those of electrons and nuclei, are of special interest. 

Because of the fact that primary cosmic rays—some of 
them at least—possess a positive charge, the magnetic 
fields of the earth and the sun exert a focusing action upon 
the radiations. For this reason a redetermination of the 
magnetic field of the sun is extremely important. 

There is even a possibility that changes in the solar 
magnetic field may, in some way, be responsible for the 
origin of cosmic rays. However, this recently made sug- 
gestion is extremely tentative. 

The rapidly accumulating knowledge of conditions in 
the upper atmosphere will be especially useful at the time— 
which perhaps is not as far away as the more pessimistic 
have supposed—when jet or rocket planes may fly their 
way through the ionosphere. There is a decided acceleration 
of interest in the problems and information that comes 
from the indirect studies. Meteors, which are high-speed 
projectiles from outer space, give valuable data concerning 
the density, temperature, and pressure in the levels. The 
echoes of radio signals from the ionospheric layers con- 
tribute information of great .value. Studies of terrestrial 
magnetism at high altitudes, measurement of brightness 
of the sky, and studies of solar radiation in general, all 
contribute to the knowledge.—DonaLp H. MENZEL, AAAS 
Symposium on the upper atmosphere, Washington, D. C., 
September 15, 1948. 


New Members of the Association 


The following persons have been made members or junior 
members (J) of the American Association of Physics 
Teachers since the publication of the preceding list [Am. J. 
Physics 16, 490 (1948)]. 


Brown, Harry C., Lowell Textile Institute, Lowell, Mass. 

Dueker, James Edson, 23 West Madison, Springfield, 
Ohio. 

Earls, David Leigh (J), 333 S. Missouri, Liberty, Mo. 

Feinberg, Leonard Michael, 562 West 113th St., New 
York 25, N. Y. 

Keane, Robert E. (J), 2406 15 Ave. So., Minneapolis 4, 
Minn. 

McIntosh, William Newton, Jr., 929 Westminster St., 
N.W., Washington, D. C. 

McMillan, John G., 1201 So. 52nd St., Omaha, Nebr. 

Sullivan, Harris Martin, 1700 Irving Park Rd., Chicago 13, 
Ill. 

Toops, Edward C., Swain Hall, University of Indiana, 
Bloomington, Ind. 





